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Student Name:
Class:
Date:
Instructions: Read each question carefully and select the correct answer.
3. Five teachers went out to dinner and each
ordered a different main dish. The teacher's
1. Place the following steps in order to solve names were Mr. Bart, Mr. Collins, Mr.

A(x +3) =20

1. Distribute the 4 to (x + 3).

2. Divide both sides by 4.

3. Simplify the answer to x = 2.

4. Subtract 12 from both sides of the
equation.

4,2,1,
1,4,2,
4,1
1,2
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What is the second step in solving the
following problem?

"The sum of three times a number
and six is twenty-seven."

A. Subtract 6 from both sides of the
equation.

B. Add 6 to both sides of the equation.
C. Simplify the answer to x = 11.

D. Divide both sides by 3.
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Falloon, Mr. Hassel, and Mr. Harring. The
main dishes were a veggie burger, fish,
chicken, a hot dog, and lasagne. The teacher
who had a veggie burger sat in between Mr.
Bart and Mr. Harring. The teacher who had
chicken doesn't play golf but, the teacher
who had the fish, the teacher who had
lasagne, Mr. Harring, and Mr. Falloon
played golf last Saturday. Mr. Hassel didn't
have a hot dog. The teacher who had lasagne
helped Mr. Bart with his lesson plans. The
teacher who ate fish and Mr. Bart teach the
same grade. Mr. Collins is allergic to
seafood.

Who ordered the chicken?

A. Mr. Bart

B. Mr. Collins
C. Mr. Falloon
D. Mr. Harring



Alex, Dan, Tom, Jeff, and Ruben attend a
university and live in Palo Alto, California.
Before college, they lived in Baton Rouge,
Portland, Chicago, Salt Lake City and
Sacramento. Tom and Ruben had never been
to the West Coast until they came to the
university. Dan has never visited Chicago or
Baton Rouge; however, his roommate is
from Portland so he is hoping to visit there
soon. The student from Salt Lake City, Dan,
and Ruben are all on the collegiate football
team. The student from Baton Rouge, the
student from Salt Lake City, and Alex were
roommates. The student from Portland and
Alex had Calculus together.

Who was from Portland?

A. Dan
B. Jeff
C. Tom
D. Ruben

What is the area of a rectangle that is 7 feet
wide and 9 feet long? Remember: 4 =1/ x

A, 321
B. 16 ft?
C. o6lff
D. 63ft
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Use the picture to answer the following
question.

19.32 mm

- 16.7 mrn—
The area of the shaded region is 1/3 the area
of the outer figure. What is the area of the
shaded region?

Round your answer to the nearest square
millimeter.

A. 108 square millimeters
B 36 square millimeters
C. 54 square millimeters
D 72 square millimeters

Evaluate the quadratic function at f(-2).

Fli=—x4—5xz+12

A. 18
B. 26
C. 6

D. -2

Evaluate the function at f{9).

fx)=-x> -3x+62

A. - 46
B. 17
C. 8

D. - 170

Find the vertex of y = |2x + 5| + 1.

A, (25,-1)
B. (-5 1)
C. (-25,1)
D. (5-1)



10.

11.

Match the equation y = |2x - 4| + 1 with its
graph.
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Point R and point S have symmetry with
respect to the x-axis. What are the
coordinates of point S when point R is the
point (1, 4)?

A (1,9

B. (1,-4)
C. (-1,-4)
D. (-1,4)

Page 3

12.

13.

14.

15.

Point X and point Y have symmetry with
respect to the y-axis. What are the
coordinates of point Y when point X is the
point (-3, 5)?

A, (3,9
B. (3,-5)
C. (3,-5)
D. (3,9

A triangle has a base equal to 7.1 and height
equal to 3.5. A similar triangle has height
equal to 26.25. What is the base of the
similar triangle?

A. x=12.94
B. x =29.75
C. X =53.25
D. x =33.35

A triangle has a base equal to 5 and height
equal to 7. A similar triangle has a base
equal to 25. What is the height of the similar
triangle?

A. x=17.9
B. x =32
C. x =30
D. x=35

Use Pascal's Triangle to find the binomial

;)
coefficient for (5

A. 120
B. 56
C. 336
D 3



16.

17.

18.

19.

Use Pascal's Triangle to find the binomial 20.

11]
coefficient for ( 0

A. 0

B. 1

C. 11

D. 39,916,800

The area of a rectangle is 56 square feet. The

length is (x - 2) feet and the width is (x + 8) 21.
feet. What is the width of the rectangle?

A. 20 feet

B. 14 feet

C. 2 feet

D. 4 feet

A rectangle has a length that is 8 less than
twice its width. The area of the rectangle is
1,050 square feet. What is the length of the
rectangle?

A. 42 feet 22.
B. 34 feet
C. 21 feet
D. 25 feet

Find the area of a circle with a diameter of
12 m. Express your answer in terms of ™.

A, 6mm’
B 12m m?
C. 144mm’
D. 367 m’

23.
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Find the area of the circle whose
circumference is 45 inches.

Round your answer to the nearest tenth.

51.3/pi square inches
22.5/pi square inches
506.3/pi square inches
205.1/pi square inches

CPORP

Victoria's parents created a trust fund for her
when she was born. Their initial deposit was
$315,000.00 in an account that pays 4.1%,
compounded continuously, which is
modeled by the formula & = Pe™

How much money will be in the account
when Victoria is 25 years old?

A. $328,183.41
B $340,830.00
C. $642,915.00
D $877,935.07

The amount of money spent by the IRS in
millions from 1969 to 1999 can be modeled
by the formula below, where 1969 is at t =
3.

BAGE) = 4, 35500000
How much money did the IRS spend in
19807

A. $4,436.42 million
B $4,424.55 million
C. $4,827.20 million
D $4,731.15 million

Find the characteristic that describes the
graph of y=-4x* +x+ 5.

A. The parabola crosses the x-axis at x =
-1.25andx=1.

B. The x-coordinate of the vertex is x =
- 8.

C. The axis of symmetry is x = 0.

D. The graph opens down.



24.

25.

26.

27.

Solve by completing the square.

W +9x+12=0

A. x=—9¢~f§
B. x=-4orx=-3

L_9EE3
C. -2

D. No Real Roots

Which transformation was performed on the
following figure?

L—> L

A. Rotation
B. Reflection
C. Translation
D. Dilation

Which transformation was performed on the
following figure?

A —

A. Rotation
B. Reflection
C. Translation
D. Dilation

Which relation is written as a function?

A, ==
B. ¥v=x"+1
c. =
D. =¥ +I
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28.

29.

30.

31.

A relation that is NOT a function is
expressed on a graph as:

A. a vertical line

B. a diagonal line: top right corner to
bottom left corner

C. a diagonal line: top left corner to
bottom right corner

D. a horizontal line

Find the values for f and r and solve the
equation: f(-3) - r(-3)

Fixd = — 3»x + %
() = < — 2
A. 95,7

B. 1.5,1

C. 16.5

D. 2.5

Evaluate f{x) and g(x) for the given values to
solve the equation, & = 2f{(- 3) + 3g(- 2).

fix)=5x+1
gx)=x-5
A. h=53
B. h=-49
C. h=17
D. h=-12

A new television show can predict its ratings
based on genre, subject matter, star
recognition, and time slot. All the factors
for the newest show indicate it has a 72%
chance of getting good ratings. If a good
rating is 11.3 and a bad rating is 4.1,
calculate the show's expected rating to the
nearest tenth.

A. 11.1
B. 3.0
C. 8.1
D 9.3



32.

33.

34.

The human resources department can
estimate the number of positions that will
experience turnover in a calendar year based
on the economy, the company's success, and
the working conditions. All of these factors
show that this year has a 78% chance of
being a good year. In a good year, 8
positions experience turn over. In a bad
year, 27 positions experience turn over.
According to this information, how many
positions are expected to turn over this year?

12 positions
6 positions

21 positions
22 positions

CPOF P>

Blood pressures collected from patients
taking an experimental medicine are 125,
116, 132,129, 136, 151, 118, 152, 124, 117,
131, 137,135, 122, and 158. What is the
interquartile range of this set of data?

A. 15
B. 9
C. 6
D. 42

What is the standard deviation of the
following set of data? Round to the nearest
tenth.

5,8,12,17,11
A. 4.0
B. 10.6
C. 16.2
D. 3.3
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Algorithms

An algorithm is a mathematical procedure for
solving a problem. The algorithm for solving an
equation is performing the order of operations in
reverse.

The order of operations is just what it
sounds like: the order in which one
computes operations in an expression. Here
is the order of operations:

(1) Parentheses, Brackets, and
Braces

(2) Exponents and Roots

(3) Multiply and Divide in
order from left to right

(4) Add and Subtract in order
from left to right

When solving an equation, use the order of
operations to determine the operation you
would do first, second, third, etc. then do
those operations in reverse order. The goal
of solving an equation is to isolate the
variable on one side of the equal sign such
that the equation ends up being in the form x
=n.

Example 1: Solve the problem.
Twice a number, decreased
by six equals twenty-four.

Step 1: Write out the equation that
represents these words. Replace the name of
each number with the correct numeral. Then
replace the words "a number" with a
variable (x is generally used). Next, replace
the words "decreased by" with a subtraction
symbol. Finally, replace the word "equals"
with an equal sign. You should get the
equation:

2x - 6=24
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Now we need to solve the equation we have
written.

2) (3) 4)
2% — 6 = 24 x=15
2x _ 30
6 +6 L2 = 2
__+8 +8 5 o
2% = 30

Step 2: Add 6 to each side of the equation.
(The first operation the order of operations
tells us to do is multiply 2 and x. Then we
would subtract 6 from that answer. Since
subtracting 6 is the last step in the order of
operations, we need to do the opposite of
subtracting 6 first to solve the equation.)
Step 3: Divide each side of the equation by
2. The 2's divide out on the left side of the
equation and the x term is isolated on one
side of the equation.

Step 4: Simplify the answer to x = 15.

The order of the steps for solving this
problem was:

(1) Write the equation, 2x - 6
=24.

(2) Add 6 to both sides of the
equation.

(3) Divide both sides of the
equation by 2.

(4) Simplify the answer to x =
15.

Example 2: Solve the problem.
Three times a number
increased by the same number is 36.

Step 1: Write out the equation that
represents these words. Replace the name of
each number with the correct numeral. Then
replace the words "a number" and "same
number" with a variable ('x' is generally
used). Next, replace the words "increased
by" with an addition symbol. Finally,
replace the word "is" with an equal sign.
You should get the equation:

3x +x =36



Now we need to solve the equation we have
written.

(2) (3) ()
3%+ % = 36 dx _ 36 =— 0
43 = 36 4 4

Step 2: Add 3x and x together to get 4x.
This will begin to isolate the x term on one
side of the equation.

Step 3: Divide each side of the equation by
4. The 4's divide out on the left side of the
equation and the x term is isolated on one
side of the equation.

Step 4: Simplify the answer to x = 9.

The order of the steps for solving this
problem was:
(1) Write the equation, 3x + x

36.
(2) Combine like terms: 3x +
X = 4x.
(3) Divide both sides of the
equation by 4.
(4) Simplify the answer to x =
9.

Example 3: Solve the following equation.

Step 4: Simplify the answer to x = 4.

The order of the steps for solving this
problem was:

(1) Distribute the 5 to (x + 4).

(2) Subtract 20 from both
sides of the equation.

(3) Divide both sides of the
equation by 5.

(4) Simplify the answer to x =
4.

Logical Reasoning - C

Solving logical reasoning problems requires
working through the problems slowly and
methodically. It may be useful to have the student
develop tables and charts to help him or her
visualize the problems.

Example 1: Bob, Kenn, Lou, and Marcie
drew different pictures: a boat, a kite, a
lamb, and a mouse. None of their names
begin with the same first letter as their
drawings. Marcie and Lou drew animals.
What did Kenn draw?

Step 1: Fill the table with the first set of
information given: no person's name begins

5(x+4)=40 with the same first letter as that person's
drawing.
(1) (2) (3) (4) ”
S(z + 4 = 40 Sx 4+ 20 = 40 5% _ 20 e d Boat Kite Lamb
Sexe5e4=4p — 20720 5 5 Bob No
Sz + 20 = 40 2% =20
BEeUs Kenn Neo
Step 1: Distribute the 5. This involves Lou Mo
multiplying each term inside the parentheses Marcie

by 5. Five times x is 5x and 5 times 4 equals
20.

Step 2: Subtract 20 from each side of the
equation. This will begin to isolate the x
term on one side of the equation.

Step 3: Divide each side of the equation by
5. The 5's divide out on the left side of the
equation and the x term is isolated on one
side of the equation.

Page 9

Step 2: Fill the table with the next set of
information given: Lou and Marcie drew
pictures of animals. If Lou didn't draw a
lamb, then Lou must have drawn the mouse.
This same logic applies for Marcie, who
drew the lamb.



Boat Kite Lamb
Bob No
Kenn Mo
Lou No
Marcie Yes

Step 3: Fill the table with the "logical
reasoning." If all four children drew
different pictures, then Kenn and Bob did
not draw animals.

Boat Kite Lamb
Bob No No
Kenn Mo
Lou No
Marcie Yes

Step 4: Complete the table for Kenn.
According to the table, Kenn did not draw
the kite, the lamb or the mouse.

Boat Kite Lamb

Bob No No
Kenn Yes Mo No
Lou MNo
Marcie Yes

Answer: Kenn drew the boat.

Accuracy - C
Area is the measure, in square units, of the interior
region of a two-dimensional figure.

The formula for area of a rectangle is:
Area (A) = length x width.

The formula for the area of a triangle is:
Area (A) = (1/2) x base x

Mouse

Mo

Mouse
Mo
Mo

Mo

Mouse
Mo

Mo
Yes
Mo
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height

Example 1: What is the area of the shaded
region? Round your answer to the nearest
square centimeter.

13.35 cm
3cm
589 .:m- 6.7cm [10.07 cm
— —
35cm

(1) 18.85-6.7-5.89=6.26

cm
(2) 10.07-3-3.5=3.57cm
(3) Area = Length x width
(4) Area=6.26 x 3.57 =
22.3482

(5)22.3482 ~ 22

Step 1: Determine the length of the shaded
region by subtracting 5.89 and 6.7 from
18.85. The length of the shaded region is
6.26 cm.

Step 2: Determine the width of the shaded
region by subtracting 3 and 3.5 from 10.07.
The width of the shaded region is 3.57 cm.
Step 3: Select the appropriate area formula.
We are finding the area of a rectangle, so we
need the formula for the area of a rectangle.
Step 4: Substitute the values for the length
and width of the shaded region into the
formula for the area of a rectangle and
multiply.

Step 5: The directions required rounding the
answer to the nearest square centimeter, so
22.3482 rounds to 22 square centimeters.
The ~ symbol means approximately.

Answer: 22 square centimeters

Example 2: The area of the shaded region is
25% of the area of the outer figure. What is
the area of the shaded region? Round your
answer to the nearest square millimeter.



16232 mm—

(1). (1/2)x 16.232 x 13.62 =
110.53992

(2). 110.53992 x 25% =
110.53992 x 0.25 = 27.63498

(3). 27.63498 ~ 28

Step 1: Determine the area of the outer
triangle using the formula for the area of a
triangle. The height of the triangle is 13.62
millimeters and the base of the triangle is
16.232 millimeters. The area of the outer
triangle is 110.53992 square millimeters.

Step 2: Since the area of the shaded region is

25% of the area of the outer triangle,
multiply the area of the outer triangle by
25%. Before multiplying by 25%, we must
convert 25% into a decimal by moving the
decimal point two places to the left. 25%
equals 0.25.

Step 3: Round the answer to the nearest
square millimeter. 27.63498 rounds to 28.

Answer: 28 square millimeters

A protractor is a tool that is used to measure
the degree of an angle.

Example 3: What is the measurement of the
angle to the closest 5° ?

Solution: Since the angle opens to the right
of the protractor, we are going to use the set
of numbers on the outside of the protractor.
The measure of the angle is between 20°
and 30° and just a bit past 25° . Therefore,
we would round the measure to 25°.

Functions: Quadratic

A quadratic function is a function that contains
polynomial expressions for which the highest power
of the unknown variable is two.

Quadratic functions are written in the form:

v=axz?+bx +c
or

flz)=ax?+bxtc

f(x) is
read "f of x."

Here are a few examples of quadratic
functions:

(1) fiz)=x%+3z-4

(29 gix)=x°+6

(3) y=5x°-2x
Since the value of f(x) (or y) depends on the
value of x, the dependent variable is f(x) and
the independent variable is x.

Domain and Range:

The domain of a function is the set of values
that can be substituted for the independent
variable (x) of a function. When dealing
with the coordinate pairs of a function, the
domain is the set of all x values of the
function.




Since the domain deals with all of the x
values of a function, we need to determine
all of the x values of this function. The
domain of the function is:
D=4{-2.1.2,3.,5.8 }.

The domain of a function is generally
written in numerical order from smallest to
largest.

Example 2: Find the domain of
g(x)I=3x2+Tx-2.

Since any real number that is substituted in
place of the independent variable (x) will
result in another real number, the domain of
this function is: D = The set of all real
numbers.

The range of a function is the set of values
that can result from the substitutions for the
independent variable. When dealing with
the coordinate pairs of a function, the range
is the set of all y values of the function.

Example 3: Find the range of the following
function.

{05.27.(34).(26),(814), (1.5).(-2,

Since the range deals with all of the y-values
of a function, we need to determine all of the
y values of this function. The range of the
functionisE=+1-3.2.4.5.6.14 }.

The range of a function is generally written
in numerical order from smallest to largest.
If a y-value is repeated in an ordered pair, it
is only listed once in the range.

Example 4: Find the range of
gix)I=3x2+Tx-2.

Since any real number that is substituted in
place of the independent variable (x) will
result in another real number (g(x)), the
range of this function is: R = The set of all
real numbers.

Evaluating Quadratic Functions:

-33%
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In mathematics, evaluate means to substitute
values in for the variables and calculate a
result. So, to evaluate a quadratic function,
we need to substitute a value in for the
independent variable (x) and calculate the
result.

Example 5: Evaluate the quadratic function
at f(3).

fre)=2x2+3=-8

(1) f(3)=2(3)"+3+3-8

(2) f(31=2(9)+9-8

(2) f(3)=18+9-8

(4) f(31=19
Step 1: The directions told us to evaluate the
quadratic function at f(3), so we substitute 3
in place of all of the x's in the quadratic
function.
Step 2: Following the order of operations,
we perform operations on exponents first,
then we multiply.
Step 3: Once again, we follow the order of
operations which states that multiplying
comes before adding and subtracting.
Step 4: The final step in the order of
operations states that adding and subtracting
are completed by working from the left to
the right. First we will add 18 and 9. Then
we subtract 8 from that sum. We now know
that f(3) = 19.

It is possible to evaluate a function and still
have a variable in the answer.

Example 6:
If £ix) = (x +3° +35. find £ G +4).



M Flx+d)=(x+4+3)° +5

(2 E(x+4)=(x+T7)°+5

3 F(x+4)=(x+7)(z+7)1+5
() Flz+4)=x%+Tz+Tz+49+5

(5 flz+41=x2+ 14z + 54

Step 1: Substitute (x + 4) in place of all of
the x's in the quadratic function.

Step 2: Applying the order of operations, we
must do all operations inside the
parentheses. So we add 4 and 3.

Step 3: To take (x + 7) to the second power,
we must multiply (x + 7) by itself.

Step 4: In order to multiply (x + 7) by itself,
we use the FOIL method. Multiply the
"first" terms together

(x times x). Then multiply the "outer" terms
(x times 7). Next, multiply the "inner" terms
(7 times x). Finally, multiply the "last" terms
(7 times 7).

Step 5: Since 7x and 7x are like terms, we
can add them together to get 14x. Also, 49
and 5 are like terms, so we can add them
together to get 54.

Compositions of Quadratic Functions:

The composition of functions is the
operation of first applying one function, then
applying the other. Compositions of
functions are denoted in two ways. One of

those ways is (2 =5) (=) which can be read,
"the composite of g and f of x." The other
way is g(f(x)), which can be read, "g of f of
X."

Example 7:

Find g (f [x)) when £(x) =2+ 2x +3 and g(x) = éx.

(1) gix2+2x+31=6(xz%+2x+3)
(2) g(f(x))=6x2+ 12x+ 18
Step 1: Since we are trying to find "g of f of

x," we can substitute ¢ =+ 2= + 3 Jin place
of f(x) in g(f(x)) to get

g(x=+2x+ 3, Then, we can
substitute that term in place of x in the g(x)
= 6x function.

Step 2: Use the distributive property to
multiply each term in the parentheses by 6.

Example 8: Find f(g(x)) if f(x) =2x + 6 and
g(x)="7x-2.

(1) f(7x -2)=2(7x - 2) + 6
(2) f(7x-2)=14x -4+ 6
(3) f(g(x)) = 14x + 2

Step 1: Substitute (7x - 2) in place of g(x) to
get f(g(x)) = f(7x - 2). Then substitute (7x -
2) in place of all x's in the f(x) =2x + 6
function.

Step 2: Use the distributive property to
multiply 7x and -2 by 2.

Step 3: Since -4 and 6 are like terms, they
can be added together to make 2. So, f(g(x))
=14x + 2.

Compositions of functions can be evaluated
if we are given the value of the variable.

Example 9:
For f(x) = 2x — 3 and g(x) = x° +1, find f (g[¢

(1) g(41=4%+1
(2) g(4)=17
(30 f(gd7)=2(17)-5
(4) £{g17))=31
Step 1: To determine the value of f(g(4)), we
must first evaluate g(4). We substitute 4 in

place of x in&&} = = +1. Step 2: Following

the order of operations we square 4 (4 x 4
=16) and add one to the answer. g(4) = 17.
Step 3: Now we substitute 17 in place of
g(4) to get f(g(4)) = f(17). Then substitute
17 in place of x in

f(x) =2x - 3.

Step 4: Following the order of operations we
multiply 2 and 17 (34), then subtract 3.



Comparing Graphs of Quadratic
Functions:

A parabola is the shape of the graph of
fl=1=x=72,

—+-4
— -f
—-+-&

The standard form for the equation of a
parabolaisfi{=l=ai=- )7+ k. (Please
remember that f(x) and y can be substituted
for each other in quadratic functions.) When
changes are made to an equation such as
adding a constant, changes in the position of
the graph of the equation will take place. If
the value of a < 0, the graph of the function
will reflect itself across the x-axis. The value
of h determines whether the graph will shift
right or left and the value of k determines
whether the graph will shift upward or
downward. See the chart below.

Wanakle Eesult to Graph

a =0 graph reflects iteelf across the z-amis

h =0 | graph shifts to the nght |h] units

h <0 graph shifts to the left [h| units

k=0 |graph shifts upward k| units

k <0 | graph shifts downward [k| units

Example 10:

161y
141 5
174 fixi=x
10T
I:-4:?) 8“
a4
4__
(QIRIY
I 1 1 1z
0 2fé -4 32 D22463"
4
&
1z
-;-m

F(x)=- (xt+d)+7

Functions: Absolute Value

The absolute value of a number is the positive
distance between the number and 0 on a number
line. Absolute value is denoted by one straight
vertical line on each side of a number or expression.
Here are some examples of absolute value notation.

Compare the graph of g(=z)= —I:x —|—4:Ij +7 to the graph of fix) ==z°

(1

() ]-6]=6
(2)2[=2

glx) =— I:X +-‘—1:I2 +7 can be rewritten in standard form as gl=) = — (;)&HO-PF:IB+ 7.

2)h=-4,k=7,anda=-1

(3) By looking at the chart, we can
determine that the graph of should shift to
the left 4 units

(h = -4), upward 7 units (k = 7), and should
reflect itself across the x-axis (a =-1).

(4) Compare the actual graphs.

(4) [x - 3]
(5) [2x + 6|

The absolute value of the first three examples can
be determined because they are all integers.
Remember the absolute value of a number is the
positive distance between the number and zero on a



number line. Step 5: Add 15 and 2 to get 17.
An absolute value function is a function which
contains at least one absolute value expression. An
absolute value function can be evaluated if the value
of the variable is known by substituting the value in
for the variable and calculating the result.

Writing an Absolute Value Function as a
Compound Function:

Every absolute value function can be written
as a compound function. A compound

Evaluating Absolute Value Functions:

Example 1: Evaluate y =[x - 7| + 3, for x =

9.
(Hy=19-7+3
(2)y=[2[+3
(3)y=2+3
@y=5

Step 1: Substitute 9 in place of x in the
absolute value function.

Step 2: Before the absolute value can be
figured, 7 must be subtracted from 9. This is
a rule: All operations inside an absolute
value symbol must be completed before the
absolute value can be taken.

Step 3: The distance between 0 and 2 is 2
units, so the absolute value of 2 is 2.

Step 4: The final step is to add 2 and 3 to get
5.

Example 2: Evaluate y = 3|x - 2| + [2x + 4|,
for x =-3.

(Dy =3|(-3) - 2[ +[2(-3) + 4]

(2)y =3|-5[+|-2]
3)y=3(5)+2
4)y=15+2
(5)y=17

Step 1: Substitute -3 in place of x in the

absolute value function.

Step 2: Compute the values inside both

absolute value symbols first.

3-2=-5 and

=6+4=-2

Step 3: The distance between 0 and -5 is 5

units, so the absolute value of -5 is 5. The

distance between -2 and 0 is 2 units, so the

absolute value of -2 is 2.

Step 4: Three times five is 15.

2(-3) +
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function is a function that is made up of two
or more functions. It is very similar to a
compound word in language arts. In order to
write an absolute value function as a
compound function, it is necessary to
remember that
|x|= Zifz =0 and |X| =—m1f =<0
An example of this rule would be:

When x =3, |3| = 3; since
z=0 When x = -3, |-3| = -(-3) = 3;
since -3 <0

Example 3: Write the absolute value
function, f(x) = |2x + 6|, as a compound
function.



(1) (2)

du+6=10 dx+6=10
-6 -6
2x = —6
(3) 4)
28 _ =6 Zr+bif xz=-3
2 2 flz)=
w=—3 —2x—61f x <=3

Step 1: In order to write an absolute value
function as a compound function, it is
necessary to determine the value of x that
makes the absolute value function equal to
0. To do this, we set the expression inside
the absolute value symbol equal to zero.
Step 2: Solve 2x + 6 = 0. Subtract 6 from
each side of the equal sign to isolate the 2x
on one side of the equal sign.

Step 3: Divide by 2 on each side of the equal
sign to isolate the x on one side of the equal
sign. If -3 is substituted into f(x) = |2x + 6|,
f(x) = 0.

Step 4:

TWe use |X| =xifx=0and |X| = —x if x=0 to write the compound function.
x would be 2x + 6, so -x would be -(2x + 6)
= -2x - 6. We use the conditions

= = -3 and x « —3because -3 is the value
that makes f(x) = |2x + 6| equal zero.

Finding the Vertex of an Absolute Value
Function: Y

A vertex is a point at which two line
segments, lines, or rays meet to form an
angle. The graph of every absolute value
function has a vertex. The function f(x) = [x|
is graphed below and the vertex is
marked.Remember, the terms f(x) and y can

be substituted for each other, so f(x) = [x| “——— ———— >X
can be written as y = |x|. S5 4 32 -1 | 2 3 4 5
=2 Vertex (0,0}
=3
=4
—+5

The standard form for an absolute value
function is y = ajbx + ¢| + d. It is not
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necessary to graph an absolute value
function to determine the vertex of the
function. If the absolute value function is
written in standard form, we can use the
standard form to determine the vertex. The
vertex of an absolute value function is
always written as a coordinate point. The x-
coordinate of the vertex is where bx + ¢ = 0.

The y-coordinate of the vertex is the value
of d.

Example 4: Find the vertex of y = |x - 3| +
2.

()x-3=0
(2)x=3
(3)d=2

(4) vertex is (3, 2)

Step 1: Set the expression inside the
absolute value symbols (bx + c) equal to
zero and solve to determine the x-coordinate
of the vertex.

Step 2: Add 3 to each side of the equal sign
to isolate the x and determine that x = 3. The
x-coordinate of the vertex is 3.

Step 3: Since the 2 iny = [x - 3| + 2 is in the
same place as the d in the standard form for
an absolute value function, d = 2. The y-
coordinate of the vertex is 2.

Step 4: Put the two coordinates together to
make an ordered pair (X, y). The vertex of y
=x-3|+2is

3,2).
Example 5: Find the vertex of y = -2|4x + |
- 6.

(1)4x+8=0

(2) 4x =-8

B)x=-2

(4)d=-6

(5) vertex is (-2, -6)

Step 1: Set the expression inside the
absolute value symbols (bx + c) equal to
zero and solve to determine the x-coordinate
of the vertex.

Step 2: Subtract 8 from each side of the
equal sign to isolate the 4x on one side of
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the equal sign.

Step 3: Divide each side of the equation by 4
to get the x by itself on one side of the equal
sign. Since

x = -2, the x-coordinate of the vertex is -2.
Step 4: Since the -6 iny = -2[4x + 8| - 6 is in
the same place as the d in the standard form
for an absolute value function, d = -6. The y-
coordinate of the vertex is -6.

Step 5: Put the two coordinates together to
make an ordered pair (X, y). The vertex of y
=-24x + 8| - 6 is (-2, -0).

Comparing Graphs of Absolute Value
Functions:

The standard form for an absolute value
function (y = albx + c| + d) is needed to
compare graphs of absolute value functions
with the graph of y = [x|. The variable a in
the standard form determines whether the
graph opens up or opens down. The
variables b and ¢ determine whether the
graph shifts to the right or the left and the
variable d determines whether the graph
shifts upward or downward. See the chart
below.



Wariable Eesult to Graph

a =0 Graph opens downward,

C C

Iy <0 Graph shifts to the right 5 units,

% >0 | Graph shifts to the left E

d =0 Graph shifts downward |d|units.

units.

d=0 Graph shifts upward |d| units.

Example 6: Compare the graph of y = |x]|
with the graph of y = -|2x + §| - 3.

(M) Iny=-2x+8|-3,a=-1,b=2,c=8,
and d = -3. Refer back to the standard form
of an absolute value function to see the
placements of a, b, ¢, and d.

(2) By looking at the chart above, we can
see that the graph should open downward (a
= -1, which is less than 0). To determine
whether the graph shifts left or right, we
need to determine ¢ + b= 8 + 2 =4. Since
4 is greater than zero, the graph will shift to
the left 4 units. The last piece of information
we have is that d = -3. The chart above
states that if d < 0, the graph will shift |d|
units downward, so this graph will shift 3
units downward since |-3| = 3.

(3) Compare the actual graphs of y = x| and
y =-2x + §| -3.
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y=-|2x+8|-3 14

=I5

Matching an Absolute Value Function
(Equation) With its Graph:

It is not necessary to graph an absolute value
function to match it with its graph. All that
is needed is the standard form for an
absolute value function: y = a|bx + ¢| + d.

Example 7: Match the equation y = -|3x - 9|
+ 2 with its graph below.

@& ¥ ®) ”:"
R REREE
(:3,2) * =
S
© 7 o 7
(3,2)
,I

e
e

[
e

% I I O I I O

(1) The first step in matching the equation of



an absolute value function with its graph is
to determine the vertex of the graph. The
vertex of this graph would be (3, 2) (refer to
Example 4 and Example 5 for an
explanation about determining the vertex of
an absolute value function).

(2) Now that the vertex is determined, we
can eliminate any graph that does not have
(3, 2) as its vertex. Graphs A and D are
eliminated.

(3) The next step in matching the equation to
its graph is to look at the value of a in the
equation.

Iny=-3x-9|+2,a=-1. We learned earlier
that if a < 0, the graph would reflect itself
over the x-axis (in other words, it will open
downward).

(4) Since a = -1 in the equation we are
discussing, we can eliminate any graph that
does not open downward. Graph B is not the
right graph (D would also be out now if it
had not already been disqualified in step 2).

(5) The only graph left is graph C and it is
the correct answer. If there were still two (or
more) graphs left, it would be necessary to
substitute some values in for x to determine
the value of y and see which of the graphs
contained the calculated points.

Symmetry - D

The graph of an equation can be symmetric about a
line or a point. The lines of symmetry that are
important to consider when graphing are the x- and
y-axes. Often, the origin is the point of symmetry
that is considered when graphing a specific
equation. Knowledge about the symmetric
properties of a graph is helpful to speed up the
actual process of graphing an equation.

Symmetry with respect to the x- and y-
axes:

The graph of an equation is symmetric with
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respect to the y-axis if both ordered pairs (X,
y) and (-x, y) are solutions of the equation.
That is, if the point (2, 4) lies on the graph
of an equation that is symmetric with respect
to the y-axis, then (-2, 4) must also lie on the
graph. Pictorially, a graph that is symmetric
with respect to the y-axis can be "folded"
along the y-axis such that each point that lies
to the right of the y-axis will coincide with
its corresponding point to the left of the y-
axis. An example of a graph that is
symmetric with respect to the y-axis is
shown below.

/\Y
24 @4
) X

Note that for any point that is chosen that
lies to the right of the y-axis, such as (2, 4),
its corresponding point, (-2, 4), also lies on
the graph.

The graph of an equation is symmetric with
respect to the x-axis if both ordered pairs (X,
y) and (X, -y) are solutions of the equation.
That is, if the point (2, 4) lies on the graph
of an equation that is symmetric with respect
to the x-axis, then (2, -4) must also lie on the
graph. Pictorially, a graph that is symmetric
with respect to the x-axis can be "folded"
along the x-axis such that each point that lies
above the x-axis will coincide with its
corresponding point below the x-axis. An
example of a graph that is symmetric with
respect to the x-axis is shown below.

o
(4,2)

)

>3
(4,-2)

b

Note that for any point that is chosen that
lies above the x-axis, such as (4, 2), its
corresponding point, (4, -2), also lies on the
graph.



A figure or equation can be symmetric with
respect to both axes. The following figure is
symmetric about the y-axis because the
graph to the right of the y-axis is the mirror
image of the graph to the left of the y-axis.
The graph of the following figure is also
symmetric about the x-axis since the graph
above the x-axis is the mirror image of the
graph below the x-axis.

N
N

b

Example 1: Is the following figure
symmetric with respect to the x-axis, y-axis,
both axes, or neither of the axes?

Y

s

b
Because each half of the graph is a mirror
image with respect to the x-axis, the
equation exhibits symmetry with respect to
the x-axis.

Example 2: Is the following figure
symmetric with respect to the x-axis, y-axis,

both axes, or neither of the axes?

Y

i

b
Because each half of the graph is a mirror
image with respect to the y-axis, the
equation exhibits symmetry with respect to
the y-axis.

Example 3: Is the following figure
symmetric with respect to the x-axis, y-axis,
both axes, or neither of the axes?
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N

S
/

b
Because each half of the graph is a mirror
image with respect to both the x- and y-axes,
the equation exhibits symmetry with respect
to both the x- and y-axes.

Example 4: Is the following figure
symmetric with respect to the x-axis, y-axis,
both axes, or neither of the axes?

i

Because neither half of the graph is a mirror

image about either of the axes, the figure
does not exhibit x-axis or y-axis symmetry.

Example 5: Point A and point B have
symmetry with respect to the x-axis. What
are the coordinates of point B when point A
is the point (3, -5)?

To find the coordinates of point B, simply
find the opposite of the given y-coordinate
of point A. The opposite of -5 is 5. Do not
change the x-coordinates because points that
are symmetric with respect to the x-axis
have the same x-coordinate. Thus point B is
(3, 9).

Example 6: Point A and point B have
symmetry with respect to the y-axis. What
are the coordinates of point B when point A
is the point (3, -5)?

To find the coordinates of point B, simply
find the opposite of the given x-coordinate
of point A. The opposite of 3 is -3. Do not
change the y-coordinates because points that
are symmetric with respect to the y-axis
have the same y-coordinate. Thus point B is
(-3, -5).



Symmetry with respect to a point:

If two points, A and B, are symmetric to a
given point, C, then the given point, C, is the
midpoint of the line segment that joins
points A and B. The midpoint formula given
below is used to determine the coordinates
of the midpoint of the line segment joining
the two points (1. vi) and (x5, v2).

¥+ +
M':Xm,ffm;'=( 12 2’3?123?2]

Example 7: The points A and B have
symmetry with respect to a point C. If point
A is (4, 6) and point B is (-8, 10), what are
the coordinates of point C?

(1)
Mz, v, =(X1+X2 ) F1+Y2]
2 2
Step 1: Since points A and B are symmetric
with respect to C, C is the midpoint of
segment AB. Write down the midpoint
formula.

(2)
Let (z,71) = (4. 6)

Let (5,74 = (6,10

Htx +
M':Xmsl‘fm;':[ 1 2,3?1 Yz]

2 2

M(Xm,ymjz[%,%]
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Step 2: Substitute the given values:
1= 4’Y1= 6!X2 =_8,35';;- = 10
(3)
M 7 = _i,ﬁj
G Y ( 28
Mz, 7. = [—2, 8:1

Step 3: Simplify the fractions to get the
coordinates of the ordered pair.

Therefore point C is (-2, 8).

Similar Figures - D

Similar figures have the same shape, but do not
have to have the same size. Similar polygons are
polygons in which the corresponding angles have
the same measure and the ratios of the
corresponding sides are the same (or the
corresponding sides are proportional). All circles
are similar because they have the same shape, but
can differ in size depending upon the length of the

The following examples show pairs of
similar figures.

b

R Similar Triangles

L E
A ¢ pAF

X Y
me A= meD AB_BC_AC_BX -
meB= meg DPE EF DF EY -
me = meF E

Note that in the triangle example, the ratio
of the lengths of the altitudes is shown to
have the same ratio as that of the
corresponding sides. (An altitude of a
triangle is a segment drawn from the vertex
of a triangle such that it forms a 90? angle
with the opposite side.)

Example 1: The following figures are
similar. What is the value of x?



9 X
2_25

&
Step 1: Determine the ratios of
corresponding sides and set them equal to
each other to create a proportion to solve for
X. In this example, the left ratio compares
the widths of the rectangles and the right
ratio compares the lengths of the rectangles.

(2)
2z =754
2z _ 54
2 2
x=27

Step 2: Solve the proportion by cross
multiplication. Multiply the numerator of the
left fraction by the denominator of the right
fraction to get 2x and then multiply the
numerator of the right fraction by the
denominator of the left fraction to get (6)(9)
= 54. Solve by dividing both sides of the
equation by 2 to get x = 27.

The value of x is 27.

Example 2: The following figures are
similar. What is the value of x?
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10

5L 13

-
X

Note that in this problem, the given sides of
the right triangles do not all correspond. The
sides of lengths 5 and 10 correspond
because they are the shorter legs of each of
the given right triangles, but the side of
length x is the longer leg of the triangle on
the left and the side of length 13 is the
hypotenuse of the triangle on the right. The
Pythagorean Theorem needs to be applied to
solve for the unknown longer leg. The
Pythagorean Theorem is given by the
following equation:

a® +b* =c?

where a and b are the legs of the right
triangle and c is the hypotenuse. Note that it
does not matter if a is considered to be the

shorter or longer leg.

(1) 2) (3)
a’ +bh? =c?  25+h? =169 25+D’
5 +h? =13 -5
b =
() (©)
Dops 38 2
10 x S>x
x 12

Step 1: Apply the Pythagorean Theorem to

find the longer leg. Substitute 5 in place of

a and 13 in place of c.

Step 2: Simplify the terms in the equation.
5% = (53 =25

1# = 0303 =169 Step 3: Subtract
25 from both sides of the equation.
Step 4: Take the square root of both sides
and simplify.
Step 5: Use b =12 because a side of a
triangle must be positive and label the
diagram with the new information.



Step 6: Determine the ratios of
corresponding sides and set them equal to

each other to create a proportion to solve for Step 1: It is often helpful to draw a diagram
x. Each ratio in this proportion compares before solving the problem. When marking
corresponding segments from the larger the diagram, label any side to be the base of
triangle on the left with the smaller triangle length 10.The height of length 6 of the
on the right. The ratio on the left compares triangle is the altitude drawn to the base of
the two shorter legs and the ratio on the right length 10. In the similar triangle, let x
compares the two longer legs. represent the length of the unknown height
Step 7: Solve the problem by cross which is the altitude drawn to the base of
multiplication. Multiply the numerator of the length 25.
left fraction by the denominator of the right Step 2: Determine the ratios of
fraction to get 5x and then multiply the corresponding sides and set them equal to
numerator of the right fraction by the each other to create a proportion to solve for
denominator of the left fraction to get x. Each ratio in this proportion compares
(12)(10) = 120. Solve by dividing both sides corresponding segments from the smaller
of the equation by 5 to get x = 24. triangle with the larger triangle. The ratio on
the left compares the smaller base to longer
The value of x is 24. base and the right fraction compares the
smaller height to longer height.
Note that if the right triangles had been Step 3: Solve the proportion by cross
positioned in a diagram such as the one multiplication. Multiply the numerator of the
below in which the trapezoids are similar, left fraction by the denominator of the right
the problem would be completed by the fraction to get 10x and then multiply the
same method as presented in Example 2. numerator of the right fraction and the
The ratio of the corresponding altitudes of denominator of the left fraction to get
similar trapezoids equals the ratio of any (6)(25) = 150. Solve by dividing both sides
pair of corresponding sides. of the equation by 10 to get x = 15.
13 The height of the similar triangle is 15.
10
L Example 4: A rectangle has length equal to
= 10.8 and width equal to 8.3. A similar
X rectangle has width equal to 41.5. What is
the length of the similar rectangle?
Example 3: A triangle has a base equal to
10 and height equal to 6. A similar triangle (1) 2)
has a base equal to 25. What is the height of
the similar triangle? 8.3 8.
gle?
10.8 83 108 8.
415  x 8
(1) 2) 3) 41.5
Lb 10 6 10x =150 x
“'——'-ia'——"' 25 x 10x _ 150
10 10 . .
Lx =15 Step 1: It is often helpful to draw a dlagr.am
before solving the problem. When marking
h Y] ” the diagram, label the length and width of
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the smaller rectangle to be 10.8 and 8.3.
Label the width of the larger rectangle to be
41.5 and label the length of the rectangle to
be x.

Step 2: Determine the ratios of
corresponding sides and set them equal to
each other to create a proportion to solve for
x. Each ratio in this proportion compares
corresponding segments from the smaller
rectangle with the larger rectangle. The ratio
on the left compares the smaller width to the
longer width and the right fraction compares
the smaller length to longer length.

Step 3: Solve the proportion by cross
multiplication. Multiply the numerator of the
left fraction by the denominator of the right
fraction to get 8.3x and then multiply the
numerator of the right fraction and the
denominator of the left fraction to get
(10.8)(41.5) = 448.2. Solve by dividing both
sides of the equation by 8.3 to get x = 54.

The length of the similar rectangle is 54.

Binomial Expansion

A polynomial is the sum of one or more monomials.
A monomial is an algebraic expression that has
exactly one term. A binomial is a polynomial that
contains exactly two terms. An example of a
binomial is (a + b). In this example, a is considered
one term and b is considered another term.
Binomial expansion is the result of rewriting the
power of a binomial as a polynomial.

One example of binomial expansion is
([a+b) =a? +2ab+ b
There are two ways to expand binomials.

Those two methods are: using the Binomial
Theorem and using Pascal's Triangle.

Binomial Expansion Using the Binomial
Theorem:

The Binomal Theorem
(a+b]n= Z(?) AR TRY
r=10

 aand b represent the individual terms of
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the binomial (such as x and 4)

* n represents the exponent on the original
binomial

* r represents the exponent on the "b" term

T, (the Greelr letter "sigma") means "the sum ¢

The other formula that is needed to use the
Binomial Theorem is:

(D=t
In this formula, the n and r represent the
same pieces of information they represented
in the Binomial Theorem. The "!" represents

a factorial. An example of a factorial is 5! =
5x4x3x2x1=120.

Example 1: Use the Binomial Theorem to
expand the binomial.

fa+biy?
First, fill in powers of a and b. The powers
of a decrease while the powers of b increase
as the terms are written down.

(at+bit= a%+

33b+_a2b2+_ aho+

Second, put in the coefficients. A coefficient
is the number that is multiplied by the
variables in a term. For example, 2x + 3y, 2
is the coefficient of x and 3 is the coefficient
ofy.

(a+b)* = (3] a + (?] a'b +(§] ah? +(§] al

There are a few helpful hints for this step in
the process. First, in the computation of the
coefficients, the n value always stays the
same, but the r value will increase by one as
you read from the left to the right. Second,
the exponent on the b term increases by one
as you read from the left to the right and
ends when it reaches the value of n. Third,



the exponent on the a term decreases by one
as you read from the left to the right and on
the final term of the expansion, the exponent
of a is zero.

Finally, evaluate the coefficients using
n
( ) rl l:ﬂ a1l .

The coefficient for (E] will always equal 1.

. (13 y ()
V=11 (D=4
(3 ()
M=13%F DO=%-

Step 1:

Evaluate the coefficient [1] by substituting 4 in place of n

Step 2: Looking at the numerator of the
fraction, 4! =4 x 3 x 2 x 1. We need to
evaluate (4 - 1)! in the denominator of the
fraction before we can move on.

Step 3: The numerator of the fraction
remains the same as in Step 2. If we
concentrate on the denominator, 3! =3 x 2 x
1.

Step 4: There are two ways to evaluate

(1) = #2335 One way is to multiply to
get one number (24) in the numerator and
one number (6) in the denominator. Then
divide the numerator (24) by the
denominator (6) to get 4.

» The other way to evaluate the equation is
to "cancel out" any numbers that are the
same in the numerator and the denominator.

We will still get 4 as the coefficient.
Continue determining the coefficients for all

terms in the binomial expansion in the same
manner.
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Answer:

fa+Et = 1a%+ 4256 + 62263 + 4ab7+ 164
Example 2: Use the Binomial Theorem to
expand the binomial.

(5= - 250"
First, fill in powers of a and b, using a = 5x
and b = -2y.

(5x-23) 7= __ (55 + __(5%)" (-29) + __(5)(-2y)

Second, put in the coefficients.

(Sz-2y) = @ Gz)” + @ (5° 230 + @c

mrﬂneggi%g@tgfﬂ}_e coefficients using

s T rlin-zyl .

(Sx-29) = 105:) "+ 3(5:° (-29) + 3(5:2(-29) "+ -

Fourth, evaluate all exponents. Remember
that [5% P = (5x)(5x)(5x) = 125%>

(5z—2y)° = (14125:7) +( 325 22y ) + 35z »

Finally, multiply to determine the binomial
expansion of (5= - 2y)”

Answer:

(5x-2v)°= 125x 3 150x2y + 60xy?- 8y 3
Binomial Expansion Using Pascal's
Triangle:

Pascal's triangle can be thought of as a two-
dimensional sequence. Each term is
determined by a row and its position in that
row. The only term in the top row (row 0) is
1. The first and last elements in all other
rows are also 1. If x and y are located next to



each other on a row, the element just below
and directly in between them is x +y. See
the example below.

! 1\\“2/1 i
\xf\y/
I

1 I+x +y v+1 1
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Pascal's Triangle

Row 1

Rourl 11

Row 2 1 21

Row 3 1 3 3 1

Row 4 14 a8 4 1
Row 5 1 5 1010 5 1
Row & 1 & 15 20 15 & 1

Row 7 17 21 35 3% 21 71

Rowg 1 8 28 56 70 56 28 8 1
Rowd 1 936 34 126 126 84 36 9 1
* & & & - L * & & &
e e v e e e e

{ dots indicate the array goes on without end )
Pascal's triangle helps us with binomial
expansion by giving us the coefficients of
each term of the binomial expansion. The
number of the row of Pascal's triangle
corresponds to the exponent of the binomial
and the entries in that row of the triangle are
the coefficients of the terms in the binomial
expansion. The table below illustrates how
Pascal's triangle corresponds to binomial
expansions.



Coefficients of the Eow of
Powers of fat+b) Binomial Expansion Pazcal's Triangle
(a+ b)P 1 0 4
(a+b)! 11 1 (2x+4) = (1l6x* |+ (4874 ] + [ Gz 416 ) +
(a+ b2 1 21 2
(a+ b)j 1331 3 ifth, multiply to determine the binomial
{a+b) 14 6 41 4 ekpansion of (2% +47*
. . . nswer:
’ (2z+4) = 16x* + 1282 +384x" +512x + 25¢
E le 3: Use P I's Triangle and th
xamp'e 5¢ tasca’s “Hang’e and e Finding the Coefficient of One Term in a
Binomial Theorem to expand the binomial. . g .
Binomial Expansion:
2x +4)* : : o
. . (2 ) . _ It is possible to use the Binomial Theorem
First, fill in the powers of a and b, using a = o }
_ and Pascal's Triangle to determine the
2x and b =4. : } . . .
coefficient of a single term in a binomial
expansion.
Example 4:
(2x+4% =zt +_ (2ot + (2@ +_ (2x. B

Find the coefficient of z%in theexpansion of

Second, put in the coefficients. .
P First, we only need the coefficient of one

term, so we do not need to fill in the entire
expansion. We only need the portion of the
expansion where the x has an exponent of 5.
We can determine which term we need to
. {4 u (4 . 4 s o (4 3f0 on ‘Qy remembering that the sum of the
(2z+4) =(Uj (2x)™+ (1] (2x) )+ ( 2) (2x) (™ (3) (2z)(4) e{@?éﬂis of each term of this binomial
should equal 7 (the exponent of the binomial
we are expanding). The exponent of the 6
mustbe 2 (5+2=7o0r7-2=5), since we
want the x° term.
The portion of the expansion we are dealing

Third, use Pascal's Triangle to determine
the coefficients. Since the original binomial
that we want to expand has an exponent of
4, we want to look at the 4th row of Pascal's

Triangle for the values of the coefficients. with is:
The elements in the fourth row of Pascal's s o
Triangle are: 1 4 6 4 (=)
1, so Second, we need to determine the
(3) _1 ("-'11) _4 @] - @] — 4 and (jj 1. coefficient of the term with 70 )°. That

’

coefficient would be [2 We now know
that the portion of the expansion we are
dealing with is:

2z +0% =1 20 +420 e + 620202 + a4z + uant 7 5.3
[J)ere?.

Fourth, evaluate all exponents. Third,

The 7in (g] tells us to look in the 7th row of
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We need to find the 3rd element (reading
from left to right) of the 7th row of Pascal's
Triangle because

[J)ere?.
would be the

third term of the binomial expansion. The
third element of the seventh row of the
triangle is 21. The portion of the expansion
should now be:

21 ()8
Finally, we must evaluate the powers and
multiply to determine the coefficient of the
=" term. Six squared is 36. Thirty-six times
21 is 756. The term is now 756",
Answer: 756

Example S:
TTze Pascal 's Triangle to find the binomial coefficient for (

We refer back to Pascal's Triangle.

(Gj 1z1n the form (n] .
3 '/ The variable n

represents the row in Pascal's Triangle we
need to look at. The expression (r + 1)
represents the term (reading from left to
right) we need to find in row n.

So, to determine the binomial coefficient,
we look at the 6th row, 4th term of Pascal's
Triangle. That term is 20.

Answer: 20

Evaluating Solutions - B

The Evaluating Solutions skill asks students to
determine the reasonableness of possible problem
solutions.

Determining the area of a rectangle and a
square:

The area of a rectangle is given by the
following formula:
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Ao=1w
where I represents the length of the rectangle
and w represents the width of the rectangle.
The unit of measure for area is the square of
the units given for the length and width. For
example, if the length of a rectangle is 8
inches and the width is 6 inches, then the
area would be

S —lew—5s6— 45
The area of the given rectangle is 48 square
inches.

A square is a special type of rectangle in
which the length and the width are
congruent. Thus, the area of a square is
given by the following formula:

6 A =357

ere "s" is the length of a side of the
sc}l‘lare. The unit of measure for area is the
square of the units given for the length of a
side. If the length of a square is 5 feet, then
the area of the square would be

A=st=5=5.5=25
The area of the given square is 25 square
feet.

Determining the length of a side of a
square, given its area:

When finding the length of a side of a
square, given its area, find the square root of
a number, it may be necessary to use the
calculator to so. The square root key is
indicated by the symbol ~ - On some
calculators it is necessary to enter the
number first and then the square root key to
obtain the answer. On other calculators you
may need to enter the square root key first,
followed by the number key. It may be
necessary to press SHIFT, 2nd, or INV
before the + -

Example 1: The area of a square is 81
square feet. The length of a side is x inches.
What is the length of each side?



(1) (2) (3) (4)

Inner elements to get (3)(x) = 3x and (x)(-2)
= -2x, respectively. Combine the like terms
3x + (-2x) to get x. Then multiply the Last
elements to get (3)(-2) = -6.)

Step 4: Add -24 to both sides of the equation
to get 0 on one side of the equal sign.

Step 5: Factor the trinomial. Recall that to
factor a trinomial, undo the process of the

A= 8l1=5  +./81=v3% The length of each FOIL method.

+9 — ¢ side is 9 inches.

Step 1: Write down the correct area formula.
Step 2: Substitute 81 in place of A.

Step 3: Take the square root of both sides.
The square roots of 81 are +9 and - 9.

Step 4: Only the positive square root can be
used when solving the word problem.
(Negative numbers can not be used to
represent the length of sides of a geometric
figure.)

Determining the length or width of a
rectangle, given its area:

Example 2: The area of a rectangle is 24
square inches. The length is (x + 3) inches
and the width is

(x - 2) inches. What is the length of the
rectangle?

(1) (2) (3)

A=lvw 2d=(x+NE-2 2Md=x4z-§

e The "x" in each binomial factor came

from *° = (@) To get the other elements
of the binomial factors, look for two
numbers which when multiplied will give -
30, but when added will equal 1, the
coefficient of the x term in the trinomial

x* +x — 30. The two numbers that satisfy
those two conditions are 6 and -5.

Step 6: Set each of the factors equal to zero,
sox+6=0orx-5=0. Solve to get the two
answers, -6 and 5.

Step 7: Only the positive value for x can be
used when solving the word problem. The
expression (x + 3) represents the length of
the rectangle, thus substitute 5 in place of
the x and simplify.

Answer: 8 inches

If the above example had asked for the
width of the rectangle, then Step 7 would
{4yhave been written as follows:

24 =% +x -6

—24 —24 (7) The width of the

(3) (6)
O=(z+&iz-5 (z+8&=0o0 E-3=0
—fi_ —f +5 +5
x=-—f =15

Step 1: Write down the correct area formula.
Step 2: Substitute the given values and
expressions into the formula. A =24, 1= (x
+3)and w=(x - 2)

Step 3: Multiply the binomials using the
distributive property or the FOIL method
and simplify. (Recall that in the FOIL
method, multiply the First elements in each
factor of the binomial to get (x)(x) =
x*.Next multiply the pairs of Outer and

0= 2 +r}§:g%;bgle is (x -2) =5 -2 =3 inches.
Stepl7} Only the positive value for x can be
The lengthof thecessanigle #ie word problem. The
%+ 3= Sexpresoivaligs. 2) represents the length of
the rectangle, thus substitute x by 5 and
simplify.

Example 3: A rectangle has a width that is 3
more inches than its length. The area of the
rectangle is 70 square inches. What is the
width of the rectangle?
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(1)
Let x = length of rectangle
Let x+3 = width of rectangle

(2)
A=1rw

(3)

constraints {#hit the graphs of the remaining

70 = (=)(x + Flequalitifst& fi¢ Jily in the first quadrant

(where the x and y values are positive as
well as the positive x-axis and y-axis

(3) (&) (7yalues). @) _
T0 =%+ 3 O=(z+100x -7 w+10 =Oorx—7 =10 The width of the rectangle i
-70 =70 —10_—10Next, praphtihe otlet Brredrtidequdlimshes.
0=x*+3z-70 % = — 1 Reeatlthat to graph an inequality, first

Step 1: Set up the correct "Let" statement to
identify the unknown values in the problem.
It is easier to let x represent the smaller
amount (length) and since the width is 3
more inches than the length, the width is
represented by x + 3.

Step 2: Write down the correct area formula.
Step 3: Substitute the given values and
expressions into the formula. A =70, I = (x)
and w = (x + 3).

Step 4: Multiply using the distributive
property.

Multply (=) = =% and (=E = 3= Step 5:
Add -70 to both sides of the equation to get
0 on one side of the equal sign.

Step 6: Factor the trinomial. (Refer to Step 5
in he previous example, if needed.)

Step 7: Set each of the factors equal to 0 and
solve to get the two answers, -10 and 7.

Step 8: Only the positive value for x can be
used when solving the word problem. The
expression (x + 3) represents the width of
the rectangle, thus substitute 7 in place of x
and simplify.

Maximizing or minimizing a function
given specific constraints:

The process of maximizing or minimizing a
given function, sometimes called an
objective quantity, is subject to specific
constraints when used in different
application problems. The constraints are
often expressed as linear inequalities and
one method used to solve this type of
problem is called linear programming.

To solve this type of problem, it is necessary
to graph the given constraints or
inequalities. Two constraints that are
commonly given are * = 39 Y = 0 Thege
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sketch a graph of the corresponding equality
to get the boundary line for the resulting
shaded region. For example, first sketch the
corresponding equality 2x + 3y = 18 to
graph =x +3¥ =18 Recall that to sketch 2x +
3y =18, it is helpful to use an x/y chart
(table of values) to find three ordered pairs
that lie on the graph of the linear equation.
Then plot the three points and draw the line
that contains them to get the graph of 2x +
3y=18.



W oM
B o o

— e SO0
2 | 2 4 6 8 Yl'y

)

2l

b

This line divides the rectangular coordinate
system into two half-planes. The graph of
the solution to an inequality is a shaded
region, or half-plane, either above or below
the line. To determine which region is
correct, pick a test point that does not lie on
the graphed line, (often (0, 0) is used), and
substitute this point into the inequality to
determine if it makes the inequality a true or
false statement.
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P S
M +3Mm =18 Substitutez=Oand y= 0
0=1% Falze statement

The point (0, 0) does not lie in the half-plane
that represents the solution set to the linear
inequality because 0 is NOT greater than 18.
Thus the other half-plane is shaded to
represent the correct graph to the inequality
as shown below by graph A.

i)

O

2x+3y =18
S (A} S

The graph of the corresponding equality
would have been a dotted line (not a solid
one ) if the given linear inequality had been
22 + 3% > 18 see graph B abowe.

Example 4: What is the minimum value
given the following constraints?

Objective Quantity:
C=4x+ 5y



Constraints:

The minimum value is 36.

Note that the problem could have asked to
determine the maximum value for the
Objective Quantity. In the problem of
Example 1, g maximum value could be
found because the overlapping shaded
regiol HetMeriicBsepra:is not a bounded
regitth1fhalIsdihamd é18pping region is not
fully contained in a closed region such as the
figure below. Thus there is no maximum
value that can be found for C = 4x + Sy. If
xe I%ﬁiﬁnlﬁad been bounded, then each of

2x+y=10 G0 G0 e vertices of the bounded region would be

x=0
y=0
2z 43y =18
2z +y =10
(1) (2) (3)
2x+3y=18 ©O10)
Ix+3y=18 2x+3@#)=18 P
2x+ y=10  2x+12=18 '1“:53"M}\
2y= 8 2x=6 BAY
y= 4 x=3 3
(5) (6)
C=dx+5y

(0,10) C = 4{0) + 5(10) =50
3,4) C = 4(3) + 5(4) =52
(9,0) C = 4(9) +5(0) =36

Step 1: Solve the system of corresponding
equalities to find the point of intersection of
the boundary lines. First subtract the bottom
equation from the top one (or you could
multiply the bottom equation by (-1) and
then add the two equations). Then solve the
resulting equation 2y = 8 to gety = 4.

Step 2: Substitute y = 4 into the top equation
to find the corresponding x-value and get x
= 3. The intersection point is (3, 4).

Step 3: Graph the four linear inequalities.
First sketch the boundary lines 2x + 3y = 18
and 2x +y = 10. Then shade the correct
half-planes. Label the boundary lines and
the point of intersection found in Steps 1 and
2.

Step 4: Locate the vertices of the region
determined by the overlapping shaded
regions found in the completed graph of
Step 3.

Step 5: Evaluate the Objective Quantity for
each of the three vertices found in Step 3 by
substituting each of the x and y values into
the expression 4x + Sy. Then simplify.

Step 6: Choose the smallest number in the
list of values from Step 5 to find the
minimum value for the Objective Quantity
function.
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The mainimmam Value 15 36,

substituted in the Objective Quantity, as
shown by Step 5 above, to determine the
maximum value. The largest number found
would then give the maximum value.

Ll

Irrational Numbers: Pi

An irrational number is a number that
cannot be written as a fraction. The decimal
equivalents of irrational numbers do not
terminate (end) and never repeat. For
example, 0.10110111011110...and = ~
3.14159265... are two decimals that never
repeat and never end.

Determining the Circumference of a
Circle:

Circumference is the measurement of the



distance around a circle. The circumference
of a circle is found by using the following
formula:

C= Z2mr
In this formula, r represents the radius of the
circle. The radius of a circle is the length of
the segment from the center of a circle to
any point on the circle. The radius is one-
half the length of the diameter (the distance
across a circle) of a circle. Pi is the ratio of
the circumference of any circle to its
diameter and is approximately equal to
3.14159. Pi is represented by the symbol =

(1) (2) (3,

_ 87 _ Zmr 287
87 =2mr 2w 27 27
Bi_
29T '

Step 1: Substitute 87 in place of C because
87 is the circumference.

Step 2: To isolate the r on one side of the
equation, divide each side of the equation by
27 Step 3: Since the radius is half the length
of the diameter, multiply the radius by 2 to

There 15 a key on the calculator that represents . It may be rg&te%xlfr%gtbreg sﬂsq_ﬂﬁl‘l}eéﬁg,Remﬁ?mber,
ot INWVbefore the w key. If a calcul ator does nothave a kegﬂvmtslﬁé&%@é&@%Eﬁigﬁc%ﬁ%ﬁluatlon must

7 with 3.14.

Example 1: Find the circumference of a
circle with a diameter of 18 inches.

(1) r=18+2
(2) C=2m9
(3) C=187

Step 1: Since the radius of a circle is one-
half the diameter, divide 18 by 2 to get the
value of the radius(9).

Step 2: Substitute 9 in place of r in the
formula for the circumference of a circle.
Step 3: Multiply 9 by 2 (all three terms are
multiplied and it does not matter which
order numbers are multiplied).

The circumference is 18pi inches.

Example 2: Find the diameter of a circle
whose circumference is 87 feet.
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be done to the other side in order for the
equation to balance, so multiply the left side
of the equation by 2 also. The 2 in the
numerator cancels with the 2 in the
denominator on the left side of the equation.
Step 4: The diameter of the circle equals
87/pi feet.

Finding the Area of a Circle:

The area of a figure is the measure, in square
units, of the interior region of a two-
dimensional figure. The area of a circle is
found by using the following formula:

A=

In this formula, r represents the radius of the
circle.

Example 3: Find the area of the circle
whose radius is 10.2 inches.

(I (2
A=a{102)° A=10404x

Step 1: Substitute 10.2 in place of r because
the radius of the circle is 10.2.

Step 2: Square 10.2 (10.2 x 10.2) and
multiply the answer by -

The area of the circle whose radius is 10.2 is



104.04pi square inches.
Example 4: Find the area of the circle
whose circumference is 35 inches.

(1) (2) (3) (4)
= 2T 2w
A =m| —=
T
(6) (7)
4= 7 30625 b= 20625
1 o T

Step 1: Before the area of the circle can be
determined, the radius of the circle must be
calculated. Since the circumference is
known, the formula for the circumference of
a circle can be used to determine the radius
of the circle. Substitute 35 in place of C in
the circumference formula.
Step 2: To isolate the r on one side of the
equal sign, divide each side of the equation
by 2 Step 3: Divide 35 by 2 and the radius
17.5
is @  Step 4: Now that the radius of the
circle is known, it can be substituted in place
of r in the formula for the area of a circle

Step 5:

17.57
— .
Step
6: Square 17.5 (17.5 x 17.5) to get 306.25.

2
[E] cat be rewritten as I:
Fon

(=

Eewrite 7 as afraction (E

1 ) Step 7:
The pi in the numerator and one pi in the

denominator divide out and leave one pi in
the denominator.

The area of the circle, whose circumference
is 35 inches, is 306.25/pi square inches.

Finding the Area of an Ellipse:

An ellipse is a closed two-dimensional plane
figure that is oval in shape. Every ellipse has
two axes. The two axes lie on the symmetry
lines and intersect at the center O of the
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ellipse. One of the axes is the major axis.
The major axis contains the foci, has two
vertices of the ellipse as its endpoints, and is
always longer.

(3)

The length of the major axis 1z the distance fre
WE

= ?I‘T ' . . .

The otherzfXis of an ellipse is called the

minor axis. The minor axis does not contain

the foci and has two co-vertices of the

ellipse as its endpoints.

The length of the minor axisis the distance fre¢

B
Ag I 5 15} Aa Maj ar
Foca B:
Minor Axds

The formula for an ellipse with axes of
lengths 2a and 2b follows.

& =sab

The length of the major axis is 2a and the
length of the minor axis is 2b.

Example 5: Find the area of an ellipse



whose minor axis is 23 feet and major axis
is 35 feet.

(1) (<) €]
Da=35 2b=23 <£a_33 &=% a=175 b=11

2 2 2

() &)
A=ma1754115 A=20125%

Step 1: The lengths of the axes can be used
to determine a and b, so the formula for the
area of an ellipse can be used. Since the
major axis is 35 feet long, 2a = 35. The
minor axis is 23 feet long, so 2b = 23.

Step 2: Divide each side of each equation by
2 to isolate the variable in each equation.
Step 3: Divide 35 by 2 to determine that a =
17.5. Divide 23 by 2 to determine that b =
11.5.

Step 4: Substitute the values of a and b into
the formula for the area of an ellipse.

Step 5: Multiply 17.5 by 11.5 (numbers can
be multiplied in any order) and multiply that
product by

The area of the ellipse is A =201.25pi
square feet.

Example 6: Find the minor axes of an
ellipse whose major axis is 25 inches and
whose area is 55 square inches.

(L (<) (3
ﬁ — ﬁ 55 — ;‘?.'llz.ﬁlb 55 — ?E'llz.ﬂlb
2 2 a2 5 mel25
a=12.5
(4 ) (5]
44 _y, 2-[ﬁ]=b-2 ob = 8.8
T ke T

Step 1: Since the area of the ellipse and the
length of the major axis are known, the
formula for the area of an ellipse can be
used to determine the length of the minor
axis. The length of the major axis (25) can
be used to find the value of a, so 2a = 25.
Divide each side of the equation by 2 to
isolate the variable.

25+ 2=12.5,s0a=12.5.
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Step 2: Substitute the value of the area (55)
and the value of a (12.5) into the formula for
the area of an ellipse. We can use this new
equation to solve for b (which is 1/2 the
length of the minor axis).

tep 3: To isolate b on one side of the equal
sign, divide each side of the equation by
1257 Step 4: Divide 55 by 12.5 to

4.4

determine thatb= = Step 5: Since the
length of the minor axis is 2b and we know
the value of b, we need to multiply each side
of the equation by 2 to determine the length
of the minor axis.
Step 6: Multiply b by 2 to get 2b.

hultiply 4.4 by 2 to get 58
T T

The length of the minor axis of the ellipse is
8.8/pi inches.

Finding the Volume of a Cone:

A cone is a 3-dimensional figure with one
curved surface, one flat surface (usually
circular), one curved edge, and one vertex.
The volume is the number of cubic units it
takes to fill a figure. The formula for the
volume of a cone is:

W= %fzrzh

In this formula, r represents the radius of the
circle (base) and h represents the height of
the cone. (See the diagram of a cone below.)

Example 7: Find the volume of a cone that
has a radius of the base equal to 8 inches and
height equal to 12 inches.

M 1x(8](12)
2 Lm(64)(12)
(3) 2567



Step 1: Since the radius r and the height h
are known, substitute the values into the
formula for the volume of a cone.

Step 2: Following the order of operations,
square the 8 first (8 x 8 = 64).

Step 3: Multiply 64 and 12, then multiply
that product by 1/3. (64 x 12 =768; 768 x
1/3 =256)

The volume of the cone is V = 256pi cubic
inches.

Example 8: Find the height of a cone that
has a radius of the base equal to 10 inches
and volume equal to 820 cubic inches.

0 (2
_1 2 _1
820=2 7 [ 107 | b 820=2 7 (100 ) h
(4) (53
3,82_3,1 24.6 _
1 = 1 3h T B

Step 1: Since the volume of the cone and the
radius of the base are known, the formula
for the volume of a cone can be used to
determine the height of the cone. Substitute
the value of the volume and the value of the
radius into the formula for the volume of a
cone.

Step 2: Following the order of operations,
square the 10 (10 x 10 = 100).

Step 3: To begin to isolate the h on one side
of the equal sign, divide each side of the
equation by 100x Divide 820 by 100 to get
8.2.

Step 4: Multiply each side of the equation by
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the inverse of 1/3, which is 3/1, to finish
isolating the h on one side of the equation.
The 3 in the numerator divides out with the
3 in the denominator.

Step 5: Multiply 8.2 by 3 get 24.6.

The height of the cone is 24.6/pi inches.
Finding the Volume of a Sphere:

A sphere is a 3-dimensional figure made up
of all points in space that are equally distant
from a given point called the center. The
best example of a sphere is a ball.

The formula for the volume of a sphere is:

V=%fzr3

In this formula, r represents the radius of the
sphere.

Exangggle 9: Find the volume of a sphere

whos 1adius is 11 inches.
290 ziﬁ[mﬂjh
1007 00 v=2r(11)

(2 V=3 n(1331)

(3 W =17 60
Step 1: Substitute the value of the radius
(11) into the formula for the volume of a
sphere.
Step 2: Following the order of operations,

calculate 117 =11>11x11=1331. Step 3:
Multiply 1331 by 4/3. To do this, first
multiply 1331 by 4, then divide the product
by 3 (1331 x4 =5324; 5324+ 3 ~
1774.67).

The volume of the sphere is V = 1.774.67pi
cubic inches.

Example 10: Find the radius of the sphere
whose volume is 1,432 cubic feet.



(1
_4 3, = A 23
1432=2 zt 511432 Tr

(4) (2)

Step 1: Since the volume of the sphere is
known (1432), the formula for the volume of
a sphere can be used to find the radius of the
sphere. Substitute the value of the volume of
the sphere into the formula for the volume of
a sphere.

Step 2: Multiply both sides of the equation
by the reciprocal of 4/3, which is 3/4, to
begin isolating the r. To multiply 1432 by
3/4, multiply 1432 by 3 then divide that
product by 4 (1432 x 3 =4296; 4296 ~ 4 =
1074).

Step 3: Divide both sides of the equation by
pi to isolate the r™ Step 4: Take the cube

root of each side of the equation. This will
isolate the r on one side of the equal sign.
Step 5: Once the r has been isolated, the
equation can be written beginning with the r.
It is acceptable to leave the radical sign in
the answer.

The radius of the sphereisr =3 1074 feet.
N =

Irrational Numbers: e

An irrational number is a number that
cannot be written as a fraction. The decimal
equivalents of irrational numbers do not
terminate (end) and never repeat. For
example, 0.10110111011110...and = ~
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3.14159265... are two decimals that never
repeat and never end.

Continuously Compounded Interest:

Compound interest is the interest paid on the
previously earned interest as well as the
iitial deposit. The initial deposit is called
the principal and is denoted with the

1074 yafidble P. The interest rate (denoted with

T

the ¥ariable r) is the percent of the principal
that will be earned over a particular period
of time (usually one year). The variable t
represents the number of years (time) the
principal is invested.

Many times, interest is compounded once a
year (annually), twice a year (semiannually),
or four times a year (quarterly). Interest can
also be compounded continuously. There is
a special formula for compounding interest
continuously. That formula is:

A =Pt
Like the number pi, 'e' looks like a variable,
but it is an irrational number which can be
expressed as an infinite, non-repeating
decimal.

QD 05
There is a button on the calculator
specifically for calculating 'e' to any power.
That button is =™ It may be necessary to
press the SHIFT, INV, or 2nd key before the

Ex

Example 1: Calculate.

1.23
=

The calculator key sequence for most
scientific calculators is as follows:

Step 1: Enter 1.23 into the calculator.
Step 2: Press the SHIFT, INV, or 2nd key.

Step 3: Press the =* key.

Answer: &% = 3.42
Some calculators may require pressing the

equal sign after the =" ke If this key



sequence does not work for your calculator,
consult the manual that came with the
calculator.

Example 2: Suppose that you deposit
$12,000.00 in an account that pays 6.75%,
compounded continuously, which is
modeled by the formula 4 =P If you
leave it in the account for 5 years, how much
money will you have?

(M P =12000 r=675% = 0.0675, andt =5
(2 & = 12000e"%76)
(3 A =12, 00075

(4 A =12,000a1 40139608
(9 A =16817.2753

Step 1: The principal (initial deposit) is
$12,000, so p = 12,000. The interest rate is
6.75%. The interest rate must be converted
from a percent to a decimal, so r = 0.0675.
The money will be in the account for 5
years, so t = 5.

Step 2: Substitute the known values in place
of the variables that represent them.

Step 3: Multiply 0.0675 by 5 to get the
exponent for = Step 4: Applying the order of

. 05575
operations, € = 1401433608 DO NOT

ROUND!)
Step 5: Multiply 1.401439608...by 12,000.

After 5 years, you would have $16,817.28 in
the account.

Other Uses of the Irrational Number e:

The irrational number 'e' can also be used to
determine population growth, population
decay, air pressure, and other types of
growth and decay. In these cases, the
formula will be given to you as part of the
problem.

Example 3: Four hundred grams of radium
are stored. The amount of radium present
after t years is modeled by the formula
below.
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R = 400000
How much radium will be left after 12,000
years?

(Ot =12, 000
(2) R = 400gl0AIHI0200

(3 R = 400519
(4) R = 400:0.005741699686
(5) R = 2.296679374

Step 1: Since the radium will be left for
12,000 years, t = 12,000.

Step 2: Substitute 12,000 into the equation
in place of t.

Step 3: Multiply -0.00043 by 12,000 to
determine the exponent on the = Step 4:
Applying the order of operations,

7% = 0.005741699686 Step 5: (DO NOT
ROUND!) Multiply 0.005741699686...by
400.

There will be approximately 2.30 grams of
radium left after 12,000 years.

Non-Linear Equations
A non-linear equation is an equation whose graph is

not a straight line.

An example of a linear equation (graph is a
straight line) is y = X + 3 and an example of

: .
a non-linear equation is ¥ = ¥~ + 3 These
two equations are graphed below.



¥ =xt3

w=x2+3

(square root is 3/5).

The notation for a square root is this symbol:

g

~f16 is read " the square root of 16" or "radica

To simplify a square root, we first determine
two factors that multiply to make the whole
number. One of these two factors should be
a perfect square, preferably the largest
perfect square that is a factor of the number.
Then we take the square root of the perfect
square factor and place that number in front
of the radical symbol.

Example 1: Simplify.

J7z
£ (1) 72 =36 2

A basic rule to follow to determine whether
an equation is linear or non-linear is that
non-linear equations have variables that
have powers other than one and linear
equations have powers equal only to one.

Simplifying Square Roots:

Before we can begin solving non-linear
equations, we must discuss how to simplify
square roots. When a number is multiplied
by itself the product is the square of the
number. A square root of a number is a
factor that when multiplied by itself equals
the number. For example: 2 x 2 =4, so 4 is
the square of 2 also, since4=2x2,2isa
square root of 4. Another square root of 4 is
-2 because -2 x -2 = 4. Numbers that have a
rational number as their square root are
called perfect squares. Examples of perfect
squares are: 9 (square root is 3), 16 (square
root is 4), 25 (square root is 5) and 9/25

.

I
e
£
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° (23372 =36 4/2
(3 T2 =642

Step 1: Rewrite the problem as the square
root of two factors of 72. Remember, one of
the factors should be the largest perfect
square that is a factor of 72. In this case 36
and 2 were used because 36 times 2 equals
72 and 36 is a perfect square.

Step 2: Now the problem can be rewritten as
the square root of 36 times the square root of
2.

Step 3: Determine the square root of 36
(which is 6) and multiply it by radical 2.
Since 2 does not have a factor that is a
perfect square, radical 2 does not change.

Example 2: Another way to simplify 72

W72 =+f9-8
()T2=+542
372=109.f4.J2
HJ72=32.42
(5)4/72 =62

Step 1: It is possible to simplify a square
root if the largest perfect square factor is not
known. Once again, rewrite the problem as
the square root of two factors of 72. Make
sure one of these two factors is a perfect



square. In this case 9 and 8 were used
because 9 is a perfect square and 9 times 8
equals 72.

Step 2: Since 8 has a factor that is a perfect
square (4), the problem must be rewritten as
the product of these three factors of 72. 9 x 4
x2="72.

Step 3: Since 9 and 4 are perfect squares and
2 does not have a perfect square factor, the
problem can be rewritten as the square root
of 9 times the square root of 4 times the
square root of 2.

Step 4: Determine the square root of 9
(which is 3), multiply it by the square root of
4 (which is 2), and multiply them both by
radical 2.

Step S: Finally, multiply 3 and 2 to get 6.
The 6 is multiplied by radical 2 to obtain the

final answer: 5¥2.
Solving Non-Linear Equations:

Non-Linear equations can be solved in much
the same way as linear equations. The goal
of solving a non-linear equation is to isolate
the variable on one side of the equal sign.

Example 3: Solve the following equation.

—2x?4+18=3x"—12
2x4+18=3x"-12

(1) +2x?  +2x°
18 =5%° —12

(2) 412 12
30 _ 5x°

ONNE P

(4) xi=6

) Nxi=Af8

(6) x = 14f6
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sStep 1 Add 2%? to each side of the equation, §
of the x°terms on the same side of the equal =
otep 20 Add 12 to each side of the equation, pl
the terms that do not have an z° on the oppos]

otep 2 Diwide each side of the equation by 207
the equal sign.

otep 4 &= %* can be rewritten as x° = &, becs
which 15 written first.

otep & In order to solve the equation, we must
power of 2 from x°, we must take the square r
Step & All terms have a positive and a negatis

front of the answer. Six does not have a perfec
any further.

Answer; % =36
Example 4: Solve the following equation.

102 +9 =8x° + 33
10%° +9 = 82~ + 33

(1)—-8z%  —B3x2
2xt +9 =33
() -9 -0
o -z
4 zc=12
5 x=+12
(6) x= 1243

step 1 Subtract Sx° from each side of the e

Step 2 Subtract 9 from each side of the equatt
otep 2: Diwide each side of the equation by 2t
Step 4 24 divided by 215 12, 50 x4 =12

Step O Take the square root of each side of the
otep & Simplify Jﬁ Eemember that every ter

be placed in front of the answer.

Using the Pythagorean Theorem to Solve
Non-Linear Equations:

The Pythagorean Theorem can be used to
determine the length of a missing side of a
right triangle. A right triangle is a triangle
that has one right (90° ) angle. A 90° angle
is marked in a triangle with a box in the
angle. The Pythagorean Theorem states that
the sum of the squares of the legs of a right
triangle is equal to the square of the



hypotenuse. The hypotenuse of a right
triangle is the side of the triangle opposite
the right angle. The other two sides of the
triangle are called the legs.

E
leg hypotenmse
(al re)
tight 1 A
angle ()

The Pythagorean Theorem states:
a® +b* =c?

In the Pythagorean Theorem, 'c' represents

the length of the hypotenuse and 'a' and 'b’

represent the lengths of the legs of the right

triangle. The Pythagorean Theorem only

works for right triangles.

Example 5: Use the Pythagorean Theorem
to solve for x.
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(D ¢ =a’+b? () 8% =z + 62

a=x,b=6c=8§

(4) 64=x*+36
-36  -36
28=x"

(3) 64 = 2% +36

(5) =% = 28 (6) x =~/4 7

X=2ﬁ

Step 1: Write the Pythagorean Theorem.
Then determine the values of a, b, and c.
Remember, ¢ always represents the length of
the hypotenuse. In this triangle, the length of
the hypotenuse is 8, so ¢ = 8. It does not
matter whether a or b is assigned the value
of x or the value of 6.

Step 2: Substitute the values of a, b, and ¢
into the Pythagorean Theorem.

Step 3: Following the order of operations,
square the 8 (8§ x 8 =64) and the 6 (6 x 6 =
36).

Step 4: Subtract 36 from each side of the
equation.

Step 5: Take the square root of each side of
the equation.

Step 6: Simplify radical 28. In this case, the
variable represents the length of the side of a
triangle, so the answer cannot be negative.

Answer: 2+7.
Solving an Equation by Completing the
Square:

Completing the square is a method of




solving a quadratic equation in order to
express the equation as a single squared
term. The method of completing the square

is used when an equation cannot be factored.

Completing the square involves adding the
square of one term to the equation and
solving the equation for the value of the
variable. The theorem for completing the
square states:

To complete the square on %% +bx =c, add (%b}z

2
the result will be x2+bx+[1 b) :c+[% 1::-2) such that

]

(z+Lb) = (o)

The following is a detailed example of how
to complete the square.

Example 6: Solve the equation by
completing the square.

#+8x—-7=0
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() x 482 -7=0 (2)b =8

+7  +7 X2+8x+(%-8)2:'

2248z +4% = 7+4

(D x+4% =123

x4 482 =7

(3) (x+4)° =7 +16

(x+4) = + 423
(%) x +4 = +-f23 (6)x =—4 +./23

4 -4
x=—4 +.23

Step 1: Add 7 to each side of the equation to
put the equation in the form

x” + bx = c. Step 2: Since 8 is in the same
place as b, b = 8. Add the square of 1/2 of b
to each side of the equation. One-half of 8
equals 4, so we are actually adding 4
squared to each side of the equation.

Step 3: We need to fill in the final form in
the theorem for completing the square. One-
half of b equals 4, so inside the parentheses
we have (x +4). Then we place an exponent
of 2 outside the parentheses. Finally, 4
squared equals 16 (4 x 4).

Step 4: First, add 7 and 16 to get 23. Then
take the square root of each side of the
equation. Taking the square root of a term is
the opposite of squaring a term, so we get x
+ 4 on one side of the equal sign.
Remember, every number has a positive and



a negative square root, SO we write

+/23, Step 5: Subtract 4 from each side of
the equation to isolate the x on one side of
the equal sign. The new expression cannot
be simplified.

Step 6: The solution to the equation is

x=—4E~25

Characteristics that Describe the Graph
of a Non-Linear Equation:

A quadratic equation is any equation in the

form ¥ = a°+bx +c The graph of a
quadratic equation is always a parabola. The
vertex of a parabola can be found by putting
the quadratic equation in vertex form.

WVertex fortm of a quadratic equation:
v—lk=alx —h}z, where (h, k) is a
wErtexn.
Once a quadratic equation is in vertex form,
the vertex is the coordinate point (h, k). If a
> 0, then the graph opens up and has a
minimum. If a <0, then the graph opens
down and has a maximum.

The roots of a quadratic equation are the
solutions of the quadratic equation when y =
0. The roots are the points where the graph
intersects the x-axis; therefore, y = 0. The
axis of symmetry is the line that passes
through the vertex and splits the graph
directly in half such that each side is the
mirror image of the other. This line is
represented by the equation x = h.

Example 7: What are the characteristics of
the graph of ¥ = —x% + 63+ 47

Step 1: Rewrite the equation in vertex form.
The simplest way to do this is by completing
the square.
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(A) (B)
v = —x°+6x +4 y—4=—x+6x
—4 —4 y—4=—1{z" - 6x)
3?—4:—X2+6X

(©)
y=4- =67 =-16"- 6x+ (L -6

y—4—(-3% =-1x* -6z +(-3%

(D)
y—4-9=-1z-3°

y—-13=-1x-3*

Step 1A: Subtract 4 from each side of the
equation.

Step 1B: Factor -1 out of the right side of the
equation to make the term positive.

Step 1C: Add 1/2 of the b term (-6) squared
to the right side of the equation and subtract
1/2 of the b term from the left side of the
equation (we subtract on the left side of the
equation because we factored -1 out of the
equation in Step 1B and we need to multiply
any number by -1 before we can add or
subtract it from the left side of the equation).
b = -6, so we are actually adding -3 squared
to the right side of the equation and
subtracting -3 squared from the left side of
the equation.

Step 1D: Complete the theorem for
completing the square.

Step 2: Determine whether the graph opens
up or down. Now that the equation is in
vertex form, we can determine that a = -1.
Since a < 0, the graph opens down.

Step 3: Determine the vertex of the parabola.
The vertex is the point (h, k). h=3 and k =
13, so the vertex is (3, 13).

Step 4: Determine the axis of symmetry. The
axis of symmetry is the line x = h. The axis
of symmetry is x = 3.

Step 5: Determine the roots of the equation.
The roots of the equation are the values of x
when y = 0.



(A)0-13=—1(x— ? EB)-13=—1(x—

3}2

~1 ~1
13=(z - 3"

(@ S13=4Jz-37 (Di+f13=x-3

+f13=%-3 +3 +3

2+.f13=x

Step SA: Substitute 0 in place of y.

Step 5B: Divide each side of the equation by

-1.

Step 5C: Take the square root of each side
of the equation.

Step 5D: The roots of the equation are

3+ .13 (also written 3+ /13 and 3—+/13 ).

If the 13 had been negative, the equation
would have had no real roots.

The characteristics of the graph of v = —x? 6+ are:

(1) opens down

(2) vertex is (3, 13)

(3) axis of symmetry is: x =3
(4) roots are

3+ .13 (also written 3+ /13 and 3—+/13 ).

Spatial Relationships - C

Spatial relationships include understanding
geometric transformations as well as recognizing
the projection of a three-dimensional object into
two dimensions.

Transformations:

If a figure has changed its size, direction, or
position, then the figure has been
transformed. The following examples will
discuss four different transformations.

Rotation of a figure:

A rotation of a figure changes the direction
that a figure is facing. The new figure is
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found by rotating the original figure about a
fixed point for a given number of degrees.
The fixed point may be located on or off the
original figure.

F- &

Reflection of a figure:

If two figures are reflections, then they are
mirror images of each other. A line of
reflection can be drawn between the figures
such that if the paper upon which the figures
had been drawn was folded on this line, the
two figures would coincide. That is, all of
the points of one figure would lie upon all of
the points of the second figure. If any parts
of the figures do not coincide, the figures are
not reflections of each other.

Line of Reflection

I
I
I
-

I

1

I

Translation of a figure:

A translation takes a figure and moves it in
its entirety along a line from one position to
another. Note that after a figure is translated,
the figure does not change the direction it is
facing, its size, or its shape; only its location
has been changed. Watching a train engine
move shows a translation in action. As the
engine passes you and moves down the
track, it changes position, but the size and
shape of the train engine do not change. In
the following example, the circle has been
translated because its position has changed.

/\Y

vl
AR

e

Dilation of a figure:

A dilation of a figure can be thought of as
the transformation that shrinks or stretches a



figure. In the following examples, the
hexagon has shrunk in its size whereas the
parabola has become "wider."

transformations to make changes to the
original figure. The following examples will
only involve one transformation.

Example 1: Which transformation was
performed on the following figure?

AT

Since the figure has changed its size by
getting smaller, the transformation is a
dilation.

Example 2: Which transformation was
performed on the following figure?

AV

Since the figure has not changed shape, but

had ol

D
e

How to determine the type of
transformation:

To determine the type of transformation that
has taken place, ask the following questions:

(1) Has the figure changed its size?
If yes, the transformation is probably a
dilation.

(2) Has the figure changed its position by
travelling along a linear (straight) path?
If yes, the transformation is probably a
translation.

(3) Do the figures appear to be mirror
images of each other?

If yes, the transformation is probably a
reflection.

(4) Has the direction the figure was
facing changed?

If yes, the transformation is probably a
rotation.

It is possible to combine different types of

i)
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{s facing a different direction, the
transformation is a rotation.

Example 3: Which transformation was
performed on the following figure?

/\Y
AN RFA

H

b
Since the triangle has shifted to the right
along the x-axis, the transformation is a
translation.

Example 4: Which transformation was
performed on the following figure?

/'\Y
Exnc
) X

b
Since the figure appears to have been
"flipped" across the y-axis to get its mirror
image, the transformation is a reflection.

Spatial Relationships (Projection of a



three-dimensional object into two
dimensions:

The following problems will require the
interpretation of two-dimensional pictures
drawn of a three-dimensional building. Two
pictures of either the top, frontal, right, or
left view will be presented and then
questions will be asked about what a viewer
sees from one of the other sides.

A top view that looks like figure A below
reflects a building that has one change in the
height of the building. Figure B shows a
building that has two changes in the height
of the building.

Top View Top View
Figure A Figure B

A frontal view such as the one in the
diagram below better shows the differing
heights of the building. In this example, the
building is shown to have three different
heights from middle to low to high.

L R

Frontal View
The following are the front and top views of

a building to be used for Examples 5 and 6.

L 12
Top View Frontal View

Example 5: What is the view from the right
side of the building?

From the right side of the building, the
viewer can only see the highest wall. The
viewer has no idea if there are any differing
heights on the other side of the wall because
the view is blocked by the high wall. Thus,
the view from the right side of the building
is:
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Right View
Example 6: What is the view from the left
side of the building?

From the left side of the building, the viewer
can see two different heights of the building,
the middle and highest heights. The "dip" in
the building's height cannot be seen by the
viewer. Thus the view from the left side of
the building is:

Left View
Example 7: The following are the right and
left views of a building. Which of the
following could be the frontal view?



i

Left View  Right View

A) B) ) D)

The right view indicates to the viewer that
there is at least one change of height with
the known change of height at a lower part
of the building. The left view indicates to
the viewer that there is at least one change
of height with the known change of height at
a higher level of the building. The viewer
cannot tell whether there is more than one
change of height because a top view is not
presented to confirm the exact number of
height changes. Thus the only choice among
the four options is Choice C. Note that
Choice A does show a height change on the
left side, but shows no height change on the
right side. Choice B shows no height
changes on either the right or left sides.
Choice D shows no height change on the left
side.

Functions/Relations - B

A relation can be expressed as a set of
ordered pairs such as 103 1. (2. 3. (= 1.2} A
function is a special type of relation.

There are a few ways to determine if a
relation is a function. One way is to look at
all of the ordered pairs of a relation. If no
two of these ordered pairs have the same x -
term (abscissa), then the relation is a
function. Another method involves
graphing the ordered pairs of a relation on a
coordinate graph. If no vertical line crosses
this graph at more than one point, then the
relation is a function.

A linear function is a function whose graph
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is a line or subset of a line which is not
vertical. A special type of linear function is
a constant function, whose graph is a
horizontal line or subset of a horizontal line.

Using these guidelines, find the value for q
that will make the following relation not a

function: 10163, (d%, T}

The answer is 4 because if g = 4, then the
second ordered pair would be (16, 7). The
two ordered pairs would have the same x -
term, and for that reason the relation would
not be a function.

Functions: Notation

A relation is a set of ordered pairs such as
15 D.02.30. L -2 A function is a relation
in which no two ordered pairs of a set have
the same x-value. Functions are often
abbreviated as f(x) =y. This is read, "the
value of fatx is y."

Given y = 3x - 2, you can find the value of y
when x = -3 by substituting -3 for x.

The value of y when x is -3 is -11.

The domain of a function is the set of all x-
values of the ordered pairs in the function.
The range of a function is the set of all y-
values. To find the range of a function when
given its domain, follow the substitution
method above.

Example 1: Find the range of f(x) =3x -2
given that the domain is 0.1. 2.

Solution: Substitute each number in the
domain into the function f(x) = 3x - 2 and
simplify to determine the numbers in the
range.

£(0) = 3(0) - 2 £(1) = 3(1)
-2 £(2) = 3(2) - 2
£(0) =0 - 2 £(1) =3 - 2



£(2) =6 - 2
£(0) = -2 £(1) =1
£(2) = 4

From the domain, it can be determined that
the range is {—2.1 4.

Example 2: Find f(3) + h(4), when given
f(x) =3x - 1 and h(x) = 2x + 3.

1. Substitute 3 in f(x) = 3x - 1 to get

8
2. Substitute 4 in h(x) = 2x + 3 to get
11
3. Nowadd f(3) + h(4)=8+11=19
Probability

Probability is the measure of the chance that a
specific outcome will occur. Probability methods at
this level include using tree diagrams, sample space,
the fundamental counting principle, adding and
multiplying probabilities for independent and
dependent events, calculating expected value,
conditional probability, experimental probability,
and theoretical probability.

Tree diagrams are probability tools which
represent possible outcomes. If you went to
dinner at a banquet, you may be presented
with the following possibilities:

Main dishes: steak, fish, chicken
Side dishes: rice, pasta, baked potato
Dessert:  pie, ice cream, cake

Suppose that at this dinner you were asked
to choose one item from each category: one
main dish, one side dish, and one dessert.
How many different possible meals could
you choose? A tree diagram which gives the
sample space (the choices) would help you
quickly count the choices:
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,_.--'“‘_" FIE
[ CC m— g £0EOM
T pake
e PIE
staak pasta iCE STeaH chig
T zake
e PIE
baked potato ice Cream
T cake
o PV
1" (G m—
T ra
e
fizh pasta i
——

baked potato

The above illustration is a tree diagram. All
that is left to do is to count the choices down
the right side of each branch: there are 27
different possible meals.

Two events are independent if the
probability of one event happening has no
influence on the probability of the other
event happening. If you roll one die and
toss one coin, you know that the number on
the die has nothing to do with whether the
coin toss results in heads or tails. The
formula for determining the probability that
two independent events will occur is below.

P(A and B) = Probability of A
x Probability of B =P(A) x P(B)

Example 1: What is the probability a coin
toss resulting in heads and a roll of the die
resulting in a 3 or less?
(1) P(A and B) =P(A) x P(B)
(2) P(Aand B)=1/2x 3/6
3)P(Aand B)=1/2x1/2
(4) P(Aand B)=1/4

Step 1: Choose the correct formula for the
probability of A and B happening.



Step 2: There are only two possibilities
when tossing a coin (heads and tails), so the
probability of a coin toss resulting in heads
is 1/2. There are six possibilities when
rolling a die (1, 2, 3, 4, 5, and 6). Only three
of those possibilities are equal to or less than
3, so the probability of the roll of a die
resulting in a 3 or less is 3/6. Substitute the
probabilities into the formula.

Step 3: Reduce the fractions before
multiplying.

Step 4: 1/2 times 1/2 equals 1/4. Remember
to multiply numerators and denominators
straight across.

Answer: 1/4

Dependent events are events which
influence one another's probability of
occurring. The formula for determining the
probability that two dependent events will
occur is below.

P(A and B) = Probability of A
x Probability of B given A = P(A) x P(B,
given A)

Example 2: If you draw one card from a
deck, put it aside, and then draw another
card, what is the probability that each card
drawn is a heart?

(1) P(A and B) = P(A) x P(B,
given A)

(2) P(A and B) = 13/52 x
12/51

(3) P(A and B) = 156/2652

(4) P(A and B) = 13/221

Step 1: Choose the correct formula for the
probability of A and B happening.

Step 2: There are 52 cards in a deck of
cards. 13 of the cards in each deck are
hearts. The probability that the first card
drawn is a heart is 13/52. The probability
that the second card drawn is a heart is
12/51 because there is one less heart in the
deck and one less card in the deck.
Substitute the probabilities into the formula.
Step 3: Multiply the fractions. Remember to
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multiply numerators straight across and
denominators straight across.
Step 4: Reduce the fraction completely.

Answer: 13/221

The formula for calculating expected value
is:

(E = result of outcome #1 x probability of
a outcome #1 + result of outcome #2 x
probability of outcome #2).

Businesses can use such a formula to
roughly project expected profits under
specific conditions.

Example 3: Suppose you owned a snack bar
at a beach. Let's say that in a good summer
you make $3,000 and in a bad summer you
lose $50. The greatest determining factor of
a good or bad year has been the weather, and
all indications show that the approaching
summer season has an 89% chance of being
sunny and warm - a good year. What is
your projected profit for the approaching
season?

(1) E = ($3,000 x 0.89) + (-
$50 x 0.11)

(2) E = ($2,670) + (-$5.50)

(3) E = $2,664.50

Step 1: The result of a good summer is
$3,000 and the probability that there will be
a good summer is 89% (0.89). The result of
a bad summer is losing $50 (-$50) and the
probability that there will be a bad summer
is 11% (0.11). Use these values to fill in the
formula for calculating the expected value.
Step 2: Multiply $3,000 by 0.89 to get
$2,670 and multiply -$50 by 0.11 to get -
$5.50.

Step 3: Add the results of Step 2.

The expected profit for the approaching
summer season is $2664.50.

To calculate conditional probability, you
must find the probability of an event based
on the fact that another event has already
happened.




Example 4: An algebra class gets a new
student, a girl. This new student happens to
have two younger siblings. Find the
probability that one of the new student's
siblings is also a girl.

Solution: Examine all of the possible ways
three siblings might be arranged in terms of
their gender. The fact that the first sibling,
the new girl in class, is a girl alters the
possible choices for the problem. The
possibilities for the genders of 3 siblings are:
GGG (Girl, Girl, Girl), GGB, GBG, GBB,
BGG, BGB, BBG, BBB. From these
possibilities, you can cancel out any that
don't begin with G since we know that the
oldest sibling is a girl. That leaves us with 4
possibilities: GGG, GGB, GBG, and GBB.
Three of these result in two siblings that are
girls. Therefore the probability that at least
two of the siblings are girls is 3/4 or 75%.

Experimental probability is a way to predict
future events using data from past events.
Experimental probability is calculated by
dividing the number of occurrences of an
event by the number of trials of an
experiment. A football coach, for example,
can predict how well his receiver will
complete passes. If the receiver has been
completing 10 out of every 25 passes thrown
to him, then the coach can use experimental
probability to predict how well he will
complete passes in the next game: 10/25 =
0.4 or 40%. The prediction is that the
receiver will complete 4 out of 10 or 2 out of
5 passes thrown to him.

In contrast, theoretical probability or
mathematical probability refers to finding
the probability of an event before any trials
of an experiment have been performed.
Often theoretical or mathematical
probability is referred to as just probability.

If you want to find the probability of rolling
a die and getting a 4, you simply set up the
fraction 1/6 (1 because there is only one 4
on the die and 6 because there are six sides
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on the die meaning six different possible
outcomes.) Therefore, before we even roll a
die, we know that theoretical probability
tells us that we have a 1 in 6 chance of
rolling a 4.

The Counting Principle

Counting the choices involves determining
how many choices are available in a given
situation. If there are A choices for one way
and B choices for another, then the total
number of choices is A x B.

Example 5: Ana went to the world's largest
amusement park. There were 10 different
rides, 14 roller coasters, 8 shows, and 6
shops. How many different ways can Ana
see all of the attractions?

Solution: Multiply 10 x 14 x 8 x 6 = 6,720

Answer: 6,720 ways

Statistics

Statistics is the study of numerical data. It can be
collected, assembleed, and classified so as to
present meaningful information. Statistical data can
be presented in many different forms: stem and leaf
displays, frequency tables, quartiles, variance, etc.

Stem and leaf displays show large numbers
in a concise format. This display is based on
place value. The following stem and leaf
display compares test scores for two algebra
classes.

The scores in Ms. Williams class are:

65, ar, ¥, 73, ¥5, ¥5, Fa, e, F¥, 75, ¥, 85, 59

The scores in Mr. Ruiz's class are:

60, 63, 67, 75, F5, 76, F6, 51, 51, 54, 55, 5a, 55



Lda, Williams Lir. Ruiz
5 7 -6- 7,30
1,3, 5,566 755 -7- 6655
5 9% -86- B, 55, 41,1
1 -9- 4
The first digit of the score is located in the
center column. The second digits are listed
beside each of the first digits. For instance,

the lowest scores in Ms. Williams class are
67 and 65.

The stem and leaf display also allows you to
see the scores comparatively. We can
clearly see that Ms. Williams had many
scores in the 70's and that Mr. Ruiz had
many scores in the 80's.

Frequency tables present outcomes of
experiments in a format which shows the
frequency (the amount of times) each
outcome occurs. The following terms are
important in understanding frequency tables.

Frequency: number of occurrences

Relative Frequency: derived by dividing the
frequency by the total number of
measurements

Cumulative Frequency: the number of
measurements that are less than or equal to a
given value

Total Frequency: the total number of
occurrences

Interval: the range of measurements

The frequency table below gives data for the
number of goals Melissa kicked per game
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during one season.

Interval Frequency Frequency Frequen

1

2

Total Frequency: 20

6

5

Relative Cumula
- 6
% 11
% 14
% 16
% 18
% 19
% 20



Intervals: 7

From this table, we can see that there were
between 5 times that Melissa scored 2 goals.
In other words, the frequency with which
she scored 2 goals was 5 times during the
season this table covers.

Quartiles are associated with median
measures. A median is the middle number
or, in an even list of numbers, the average of
the two middle numbers. The list needs to
always be in ascending or descending order.
The median of 0, 1, 3, 5, 7, 9 is 4 because 3
+5=28and 8 + 2 =4. Three quartiles (Q1,
Q2, and Q3) divide such data into four equal
groups, provided the data is listed from
smallest to largest.

QI is the median of the
smallest 50% of the numbers.

Q2 is the median of the entire
list of data.

Q3 is the median of the
largest 50% of the numbers.

Find Q1, Q2, and Q3 for the following list
of 20 numbers:

21, 23, 24, 26, 21, 3¥, 29, 45, 46, 49
52, 61, 68, ¥b, 76, ¥8, 81, 85, 91, 98

Step 1:49+52 =101 1—21:50.5 2 =505
&8

Step 2: 31+ 37 =638 3:34 Jl= 34
154

step 3:76+78 =154 T:Tf' 23="77

Step 1: Find Q2 by averaging 49 and 52, the
two middle numbers since there is an even
amount.

Step 2: Find Q1 by calculating the median of
the smallest 50% of numbers.

Step 3: Find Q3 by calculating the median of
the largest 50% of numbers.

Variance describes the average of the
squares of the deviations of all
measurements from their mean. In other
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words, the variance gives information about
how close each element of a series of
numbers is to the mean of the series of
numbers.

You are probably familiar with finding the
mean (average) of numbers. At times it is
important to find not only the mean, but how
a series of numbers compares to their mean.
For instance, list A=4,6, 7, 8, 11 and list B
=2,3,8,11, 12. Both have means of 7.2,
but the mean doesn't tell us anything about
the variance (how close each of the numbers
is to the mean).

The following example shows how to find
the variance for List A.

M @
4-72=-32 3.2x-32=1024
6-72=-12 -12x-12= 1.44
T-72=02 02x-02= 004
3-72=103 08x 0.8= 0.64

11-7.2= 38 38x 38=1444 4

@ )

2680=-5=5.36 List A: 536

List B: 16.56

Step 1: Find the deviations from the mean



for each number in List A. Subtract the
mean (7.2) from each number in the list.
Step 2: Square each of the deviations.
Step 3: Add the squared numbers together.
Step 4: Divide the total by the number of
addends (numbers added together). The
variance for List A is 26.80 +~ 5 = 5.36.
Step 5: Compare the results for List A and
List B.

Finding the variance has shown us that the
numbers in List B are scattered further from
the mean than the numbers in list A.

Mode is a statistical measure that describes
which number(s) occur(s) the most in a set

of data. There can be 0, 1, or more than one
mode.

Example: Find the mode(s) of the following
set of numbers.

97, 100, 65, 80, 97, 72, 63, 80

Answer: 97 and 80
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